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1 Linear algebra recap

Throughout this note, all vector spaces are finite dimensional over C and all groups are assumed to be finite.
We assume the reader is familiar with the computation matrices. In this section, we reintroduce linear algebra
in an “intrinsic” way.

1.1 Matrix representation of linear map

Let V be an n dimensional vector space and F : V → V be a linear map over V . Given a basis {ei}ni=1 of V , we
can associate a matrix M(F ) to F in the following way. Since {ei}ni=1 is a basis of V , F (ei) can be expressed
as a linear combination of {ei}ni=1:

F (ei) =

n∑
j=1

ajiej . (1)

We defined the matrix M(F ) to be
M(F )ji = aji (2)

An important property of this association is the following:

Proposition 1.1. Let F : V → V and G : V → V be two linear maps and {ei}ni=1 be a basis of V , M(F ),
M(G) and M(F ◦G) be the matrices of F , G and F ◦G under basis {ei}ni=1. Then we have

M(F ◦G) =M(F )M(G), (3)

where F ◦G (the composition of F and G) on the left hand side is defined as the linear map (F ◦G)(x) = F (G(x))
and multiplication on the the right hand side is matrix multiplication.

Proof. Exercise.

The following problem gives the relation between the matrix of F under different basis.

Exercise 1.1. Let {fi}ni=1 be another basis of V , fi =
∑n

j=1 Tjiej. Let M(F ), N(F ) be the matrices of F under
basis {ei}ni=1, {fi}ni=1, show that

N(F ) = T−1M(F )T (4)

Definition 1.1. Let M be a matrix, the trace of M is tr(M) =
∑n

i=1Mii.

Exercise 1.2. Let M,N be two n by n matrices, show that tr(MN) = tr(NM).

Exercise 1.3. For the N(F ) and M(F ) defined above, show that tr(N(F )) = tr(M(F )).

Definition 1.2. Let F be a linear map on V , M(F ) be the matrix of F under basis {ei}ni=1. The trace of F is
defined as trF ≡

∑n
i=1M(F )ii.

The reader may find that we didn’t specify which basis we should choose in Definition 1.2. However, by
Exercise 1.3, trF takes the same value under any basis, hence the definition of trF has no ambiguity.

Exercise 1.4. Let F,G be two linear maps on V , show that tr(FG) = tr(GF ).

1.2 Direct sum

We begin by the direct sum of vector spaces.

Definition 1.3. Let V1 and V2 be two vector spaces, we can define a vector space structure on the set V1 × V2
by defining

(v1, v2) + (w1, w2) ≡ (v1 + w1, v2 + w2)

c(v1, v2) ≡ (cv1, cv2)
(5)

This vector space is called the direct sum of V1 and V2 and denoted as V1 ⊕ V2.

Exercise 1.5. Construct a isomorphism between (V1⊕V2)⊕V3 and V1⊕ (V2⊕V3) that is independent of choice
of basis. Because of the existence of this isomorphism, we can identify (V1 ⊕ V2) ⊕ V3 and V1 ⊕ (V2 ⊕ V3) and
simply write them as V1 ⊕ V2 ⊕ V3.
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Exercise 1.6. Let V be a vector space and V1 and V2 be two subspaces. Define

π : V1 ⊕ V2 → V

(v1, v2) 7→ v1 + v2
(6)

1. Show that π is injective if and only if V1 ∩ V2 = 0.
2. Show that π is surjective if and only if ∀v ∈ V , ∃v1 ∈ V1, v2 ∈ V2 such that v = v1 + v2.
If π is bijective, we call V a direct sum of V1 and V2 and write V = V1 ⊕ V2.

The direct sum decomposition of V are in one to one correspondence with the projection maps on V .

Definition 1.4. A linear map p : V → V is called a projection if p2 = p.

Proposition 1.2. If p, q are projections, then
1. The map

π : ker(p)⊕ Im(p) → V

(x, y) 7→ x+ y
(7)

is an isomorphism.
2. If ker(p) = ker(q) and Im(p) = Im(q), then p = q.
3. If V = V1 ⊕ V2, where V1, V2 ⊂ V , then we can find a projection p such that ker(p) = V1 and Im(p) = V2.
1,2,3 together tell us that the direct sum decompositions of V are in one to one correspondence with projections
on V .

Proof. 1. If v ∈ ker(p) ∩ Im(p), then v = p(w) for some w ∈ V and 0 = p(v) = p2(w) = p(w) = v. Hence π is
injective. ∀v ∈ V , we have v = v − p(v) + p(v). v − p(v) ∈ ker(p), p(v) ∈ Im(p), hence π is surjective.
2. ∀v ∈ V , v = v − p(v) + p(v). Since v − p(v) ∈ ker(p) = ker(q), we have q(v) = q(p(v)). Since p(v) ∈ Im(p) =
Im(q), we have p(v) = q(w) for some w ∈ V , hence q(v) = q(p(v)) = q(q(w)) = q(w) = p(v) and p = q.
3. If V = V1 ⊕ V2, then for any v ∈ V , we can write v uniquely as v = v1 + v2, where v1 ∈ V1 and v2 ∈ V2.
Define p to be p(v) = v2. Then p is a projection and ker(p) = V1, Im(p) = V2.

Proposition 1.2 will be used in proving the complete reducibility theorem. We now define the direct sum of
linear maps, which will be useful in the character theory.

Definition 1.5. Let F : V1 → V1 and G : V2 → V2 be two linear maps, the direct sum of F and G is a linear
map

F ⊕G : V1 ⊕ V2 → V1 ⊕ V2

(v1, v2) 7→ (Fv1, Gv2)
(8)

Exercise 1.7. Show that tr(F ⊕G) = tr(F ) + tr(G) and det(F ⊕G) = det(F ) det(G).

1.3 Inner product, adjoint, and unitarity

Definition 1.6. Let V be a vector space over C, an inner product on V is a map ⟨, ⟩ : V × V → C such that
1. ⟨v, v⟩ ≥ 0 and ⟨v, v⟩ = 0 if and only if v = 0.
2. ⟨v, w⟩ = ⟨w, v⟩∗
3. ⟨v, a1w1 + a2w2⟩ = a1⟨v, w1⟩+ a2⟨v, w2⟩

Definition 1.7. A linear map α : V → C is called a functional.

Let α, β be two functionals on V , c ∈ C be a complex number. The addition of α and β, α + β, is a map
(α+ β)(v) = α(v) + β(v). The scalar product cα is a map (cα)(v) = cα(v).

Proposition 1.3. The set of all functionals on V together with the addition and scalar product defined above
form a vector space V ∨. If V is finite dimensional, then V ∨ is of the same dimension of V .

Proof. Exercise.

The vector space V ∨ is called the dual space of V . Inner product provides a bijective map between V and V ∨.

Proposition 1.4. Let V be a finite dimensional vector space equipped with inner product ⟨, ⟩ and V ∨ be its
dual. For any v ∈ V , consider the map ϕ(v) : V → C, ϕ(v)(w) = ⟨v, w⟩,∀w ∈ V . Then ϕ(v) ∈ V ∨ and the map
ϕ : V → V ∨ is bijective.

Proof. Exercise.
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Proposition 1.5. Let V be a vector space equipped with inner product ⟨, ⟩V , W be a vector space equipped with
inner product ⟨, ⟩W , for any linear map A : V → W , there is a unique linear map A† : W → V , called the
adjoint of A, such that ⟨w,Av⟩W = ⟨A†w, v⟩V ,∀v ∈ V,w ∈W .

Proof. Exercise.

Proposition 1.6. Let V be a vector space with inner product ⟨, ⟩, {vi}ni=1 be an orthonormal basis of V (i.e.
⟨vi, vj⟩ = δij). Let A : V → V be a linear map on V , whose matrix under the basis {vi}ni=1 is M(A), show that
the matrix of A† :W → V under the basis {vi}ni=1 is the conjugate transpose of M(A) (denoted as M(A)H).

Proof. Exercise.

Definition 1.8. Let A : V → V be a linear map, A is said to be self-adjoint if A = A†

In general, the eigenvalues of an operator are complex. However, the eigenvalues of a self-adjoint operator are
guaranteed to be real.

Proposition 1.7. Let A be a self-adjoint operator, all its eigenvalues are real.

Proof. Exercise.

Self-adjoint operator has orthogonal eigenvectors and is diagonalizable if V is finite dimensional.

Proposition 1.8. Let A be a self-adjoint operator on V , a1, a2 be two distinct eigenvalues of A and v1, v2 be
the corresponding eigenvectors. Then ⟨v1, v2⟩ = 0. If V is n dimensional, then there exists orthonormal basis
{v1, ...vn} of V and {a1, ...an} (ai not necessarily distinct) Avi = aivi.

Proof. Exercise.

Definition 1.9. Let ⟨, ⟩ be an inner product on V . A linear map U on V is said to be unitary if ∀v, w ∈ V ,
⟨Uv,Uw⟩ = ⟨v, w⟩.

Proposition 1.9. If U is a unitary operator, then U†U = 1. If {ei}ni=1 is an orthonormal basis of V , and
M(U) is the matrix of U under {ei}ni=1, then M(U)HM(U) = In.

Proof. Exercise.

Definition 1.10. An n by n matrix A is called a unitary matrix if AHA = AAH = In.

Proposition 1.9 says unitary maps is represented by unitary matrices under orthonormal basis.

Proposition 1.10. Let U be a unitary operator on V , there exists orthonormal basis {v1, ...vn} of V and
{a1, ...an} (ai not necessarily distinct) with |ai| = 1 and Uvi = aivi.

Proof. Exercise.
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2 Basic concepts

2.1 Basic concepts of groups

Definition 2.1. A set G together with a map (called multiplication)

π : G×G→ G

(s, t) 7→ s ◦ t
(9)

is a group if
1. ∀r, s, t ∈ G we have r ◦ (s ◦ t) = (r ◦ s) ◦ t.
2. ∃e ∈ G such that e ◦ g = g ◦ e = g,∀g ∈ G.
3. ∀g ∈ G, ∃h ∈ G such that g ◦ h = h ◦ g = e, h is usually denoted as g−1.

We usually omit ◦ and write s ◦ t as st. The definition above is abstract. In real applications, as the following
examples show, groups always come from the set of operations that keep a certain object unchanged.

Example 2.1. Let R2 be the Euclidean plane, d : R2×R2 → R be the distance function on R2, the set of distance
preserving maps (a map F : R2 → R2 is called distance preserving if ∀x, y ∈ R2, d(F (x), F (y)) = d(x, y)) forms
a group, whose multiplication is the composition of maps. This group, denoted as E(2), is called the Euclidean
group. This group plays an important role in solid state physics. The elements of E(2) can be classified as
reflections, translations and rotations.

Example 2.2. Let A = {A1, A2, A3, A4} ⊂ R2 be the vertices of a square. Let D4 be the set of distance
preserving maps on R2 that keeps the set A invariant (i.e. F (A) = A, where F (A) ≡ {F (x), x ∈ A}). Then D4

forms a group under composition of maps.

Example 2.3. Let Z2 be the square lattice on R2, the set of distance preserving maps on R2 that keeps the Z2

invariant forms a group under composition of maps. This group is called the space group of the square lattice.

Definition 2.2. A subset H ⊂ G is called a subgroup of G if H itself forms a group under the group multipli-
cation of G.

Proposition 2.1. H is a subgroup of G if and only if ∀s, t ∈ H, s ◦ t ∈ H and s−1 ∈ H.

Proof. Exercise.

Example 2.4. The space group of the square lattice is a subgroup of E(2), D4 is also a subgroup of E(2).

Definition 2.3. Let H be a subgroup of G. A subset T of G is said to be a coset of H if ∃g ∈ G such that
T = gH ≡ {gh, h ∈ H}.

Proposition 2.2. Let R and T be two cosets of H, then either R = T or R ∩ T = ∅.

Proof. Exercise.

Proposition 2.3. Let R and T be two cosets of H, there is a bijective map between R and T . (Roughly speaking,
this tells us that R and T have the same number of elements.)

Proof. Exercise.

Proposition 2.4. Cosets of H gives a partition of G, i.e., let Q be the collection of cosets of H, then the union
∪T∈QT is disjoint and ∪T∈QT = G.

Proof. Use Proposition 2.2.

Definition 2.4. Two elements s, t ∈ G are said to be conjugate if there exists g ∈ G such that s = g−1tg.

The following examples tell that you should think of conjugate elements as elements of the same type.

Example 2.5. Let GL(n,C) be the set of n× n invertible matrix. Then GL(n,C) forms a group under matrix
multiplication. If two matrices M,N are conjugate, then by definition, we can find another matrix T ∈ GL(n,C)
such that N = T−1MT . From Eq. (4), we know that M and N can be viewed as matrix representation of the
same linear map under different basis, hence we should really think M and N are essentially the same.

Example 2.6. The elements of the Euclidean group E(2) can be classified as reflections, translations, and
rotations. Operations are conjugate if and only if they are of the same type, i.e., reflections are conjugate to
each other, translations are conjugate to each other, and rotations are conjugate to each other.
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The following proposition tells the reason why conjugate elements can be viewed as the same.

Proposition 2.5. Conjugacy is an equivalence relation, i.e.
1. g is conjugate to g.
2. If g is conjugate to h then h is conjugate to g.
3. If g is conjugate to h, h is conjugate to k, then g is conjugate to k.

Proof. Exercise.

Definition 2.5. Let G and H be two groups. A map φ : G → H is called a homomorphism if φ(st) =
φ(s)φ(t),∀s, t ∈ G.

Example 2.7. The determinant map det : GL(n,C) → C is a homomorphism.

Definition 2.6. Let φ : G→ H be a homomorphism, the kernel of φ is defined as ker(φ) ≡ {g ∈ G,φ(g) = e}.

Definition 2.7. Let N be a subgroup of G, N is called a normal subgroup of G if ∀g ∈ G,n ∈ N , we have
g−1ng ∈ N .

Proposition 2.6. Let φ : G→ H be a homomorphism, ker(φ) is a normal subgroup of G.

Proof. Exercise.

Proposition 2.7. If N is a normal subgroup of G, let G/N be the collection of cosets of N . Let π : G→ G/N
be the map that sends g ∈ G to the coset of N that contains g. There exists a map

φ : G/N ×G/N → G/N

(S, T ) 7→ ST
(10)

such that G/N forms a group under the map φ and π gives a homomorphism from G to G/N . The group G/N
is called the quotient group of G by N .

Proof. Exercise.

Definition 2.8. An isomorphism is a bijective homomorphism whose inverse is also a homomorphism.

Proposition 2.8. Let φ : G → H be a homomorphism. Let Im(φ) = {φ(g), g ∈ G}, then there exists an iso-
morphism η : G/ ker(φ) → Im(φ) such that φ = η ◦π, where π is the homomorphism defined in Proposition 2.7.

Proof. Exercise.

2.2 Group action

Here we introduce the most important concept in group theory, the group action.

Definition 2.9. Let S be a set, a left action of a group G on S is a map

π : G× S → S

(g, s) 7→ gs
(11)

with the property
1. es = s,∀s ∈ S
2. g(hs) = (gh)s,∀g, h ∈ G, s ∈ S.

Example 2.8. Let E(2) be the Euclidean group, the map defined by

π : E(2)× R2 → R2

(F, x) 7→ F (x)
(12)

is an action of E(2) on R2.

Example 2.9. Let SO(3) be the set of real orthogonal matrices (gT g = I3) with determinant 1. Let V be the
set consisting of all functions f : R3 → C. ∀g ∈ SO(3), f ∈ V , define the function gf to be

(gf)(x) = f(g−1x),∀x ∈ R3. (13)

We have
(g(hf))(x) = (hf)(g−1x) = f(h−1g−1x) = f((gh)−1x) = ((gh)f)(x). (14)

Hence, g(hf) = (gh)f . (gf)(x) = f(g−1x) is a action of SO(3) on V .
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Definition 2.10. Let V be a vector space, GL(V ) be the set of invertible linear maps on V , G be a group. A
linear representation of G is a homomorphism ρ : G→ GL(V ).

Example 2.10. Once we have a representation ρ of G, we can define the action of G on V by

π : G× V → V

(g, v) 7→ ρ(g)v
(15)

Definition 2.11. A vector space V together with an action of G on V is called a G-module if for any g ∈ G,
the map

πg : V → V

v 7→ gv
(16)

is a linear map.

G-modules and representations are in one to one correspondence.

Exercise 2.1. Let M be the set of G-modules and R be the set of linear representations of G. Construct a
bijective map between M and R.

Because of Exercise 2.1, we will identify a G-module with a representation of G and simply say V is a repre-
sentation of G.

2.3 Basic concepts of representations

We begin by defining isomorphic representations.

Definition 2.12. Let ρ1 : G → GL(V ) and ρ2 : G → GL(W ) be two representations of G, we say ρ1 and ρ2
are isomorphic if there is an isomorphism F : V →W so that ∀g ∈ G, v ∈ V , we have F (ρ1(g)v) = ρ2(g)(Fv).

The following exercise tells us why we should really think of ρ1 and ρ2 as “the same” representations.

Exercise 2.2. If ρ1 and ρ2 are isomorphic, and V and W are n dimensional, we can find a base {vi}ni=1 of V
and a base {wi}ni=1 of W so that ∀g ∈ G, the matrix of ρ1(g) under the base {vi}ni=1 and the matrix of ρ2(g)
under the base {wi}ni=1 are the same.

Definition 2.13. Let V be a G-module, W ⊂ V be a subspace, W is said to be a submodule (subrepresentation)
if ∀g ∈ G,w ∈W , gw ∈W .

Exercise 2.3. If W is a submodule of V , then we can define a map

G×W →W

(g, w) 7→ gw
(17)

This map makes W a G-module. The corresponding representation is denoted as ρ|W .

2.4 Complete reducibility of linear representations of finite groups

The goal of linear representation theory is to classify all possible vector spaces that “has the symmetry” of
G, i.e., classify all G-modules. For general groups, this is almost impossible. Here we begin to introduce the
methods classifying the modules of finite groups. We begin by introducing the most important concept: the
irreducible representation.

Definition 2.14. A G-module V is said to be irreducible if V ̸= 0 and V has no submodule except 0 and itself.
Such module is also called an irreducible representation of G.

We now show that every finite dimensional G-module V can be decomposed into direct sum of irreducible
representations of G. First of all, we define the direct sum of representations.

Definition 2.15. Let (ρ1,W1),..., (ρk,Wk) be representations of G. We define the direct sum representation
of W1,...,Wk by

ρ1 ⊕ ...⊕ ρk : G× (W1 ⊕ ...⊕Wk) →W1 ⊕ ...⊕Wk

(g, (w1, ..., wk)) 7→ (ρ1(g)w1, ..., ρk(g)wk)
(18)

Proposition 2.9. Let (ρ, V ) be a representation of G, (ρ|W ,W ) be a subrepresentation of G, then there exists
a subrepresentation (ρ|W ′ ,W ′) of V such that the representation ρ|W ⊕ ρ|W ′ is isomorphic to ρ.
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Proof. Let {v1, ..., vm} be a base of W , we can extend it into a base {v1, ..., vm, ..., vn} of V . Let U =
Span{vm+1, ..., vn}. Then it is easy to check that V = W ⊕ U . By Proposition 1.2, we know there exists
a projection P whose kernel is U , and whose image is W . Now we introduce the most important trick: average
over group. Let n be the number of elements of G. Define

Q =
1

n

∑
g∈G

ρ(g−1)Pρ(g). (19)

We claim thatQ is a projection. First, ∀v ∈ V , Qv = 1
n

∑
g∈G ρ(g

−1)Pρ(g)v, since Pρ(g)v ∈W , ρ(g−1)Pρ(g)v ∈
W and Qv ∈ W . Hence ImQ ⊂ W . ∀w ∈ W , Qw = 1

n

∑
g∈G ρ(g

−1)Pρ(g)w = 1
n

∑
g∈G ρ(g

−1)ρ(g)w = w.

Hence ImQ =W . ∀v ∈ V , Qv ∈W , hence Q2v = Q(Qv) = Qv and Q2 = Q. Therefore, Q is also a projection.
LetW ′ = kerQ. We claim thatW ′ is a subrepresentation ofW . ∀w′ ∈W ′, h ∈ G, we want to show ρ(h)w′ ∈W ′,
i.e., Qρ(h)w′ = 0. Indeed,

Qρ(h)w′ =
1

n

∑
g∈G

ρ(g−1)Pρ(g)ρ(h)w′

=
1

n

∑
g∈G

ρ(h)ρ(h−1)ρ(g−1)Pρ(gh)w′

=
1

n

∑
g∈G

ρ(h)ρ(h−1g−1)Pρ(gh)w′

=
1

n

∑
g∈G

ρ(h)ρ((gh)−1)Pρ(gh)w′,

(20)

where we used h−1g−1 = (gh)−1 in the last step. Now, the key observation is that if g runs over G, gh also
runs over G. We actually have

Qρ(h)w′ =
1

n

∑
g∈G

ρ(h)ρ((gh)−1)Pρ(gh)w′

= ρ(h)
1

n

∑
g∈G

ρ((gh)−1)Pρ(gh)w′

= ρ(h)
1

n

∑
t∈G

ρ(t−1)Pρ(t)w′

= ρ(h)Qw′

= 0.

(21)

The last step is because w′ ∈W ′ = kerQ. Hence W ′ is also a subrepresentation of G. Now consider the map

π :W ⊕W ′ → V

(w,w′) 7→ w + w′ (22)

From Proposition 1.2 we know π is an isomorphism between vector spaces. ∀w ∈W,w′ ∈W ′, g ∈ G, we have

π((ρ|W ⊕ ρ|W ′)(g)((w,w′))) = π(ρ(g)w, ρ(g)w′)

= ρ(g)w + ρ(g)w′

= ρ(g)(w + w′)

= ρ(g)π((w,w′)).

(23)

Hence, π(ρ|W ⊕ ρ|W ′)(g) = ρ(g)π, and ρ|W ⊕ ρ|W ′ is isomorphic to ρ.

The following exercise is an application of the trick of average over group.

Exercise 2.4. Let (ρ, V ) be a representation of G, the goal of this exercise is to show that we can always find
a base {vi}ni=1 of V such that ∀g ∈ G, the matrix of ρ(g) under {vi}ni=1 is unitary.
Let {wi}ni=1 be an arbitrary base of V , define a inner product ⟨, ⟩ on V by

⟨
∑
i=1

aiwi,
∑
i=1

biwi⟩ ≡
n∑

i=1

a∗i bi. (24)
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Let |G| be the number of elements in G and define

⟨u, v⟩1 ≡ 1

|G|
∑
s∈G

⟨ρ(s)u, ρ(s)v⟩. (25)

1. Show that ⟨, ⟩1 is also an inner product.
2. Show that ⟨ρ(h)u, ρ(h)v⟩1 = ⟨u, v⟩1,∀h ∈ G, u, v ∈ V .
3. Let {vi}ni=1 be an orthonormal base of V under the inner product ⟨, ⟩1, show that ∀g ∈ G, the matrix of ρ(g)
under {vi}ni=1 is unitary.

Theorem 2.1. Let V be a finite dimensional representation of a finite group G. Then V is isomorphic to a
direct sum irreducible representations of G.

Proof. We prove by doing induction on the dimension of V . dimV = 0 is obvious as it is the direct sum of
empty family of irreducible representations. Suppose the theorem is true for dimV ≤ n. Then for dimV =
n + 1, if V is already irreducible, we are done. If V is not irreducible, by definition, we can always find
a proper subrepresentation W ⊂ V . Then use Proposition 2.9, we can find a subrepresentation W ′ ⊂ V
so that the representation W ⊕ W ′ is isomorphic to V (we will simply write it as V = W ⊕ W ′). Since
dimW ≤ n, dimW ′ ≤ n, we can apply the induction hypothesis to W and W ′ and prove that V is isomorphic
to a direct sum of irreducible representations.

Because of this theorem, we only need to focus on the irreducible representations, and we say linear represen-
tation of finite groups is completely reducible.

2.5 The canonical representation

In this section we introduce the most important example in the theory of linear representation of finite group:
the canonical representation.

Example 2.11. Let V be the set consisting of all functions f : G → C. ∀f, h ∈ V , define (f + h)(g) =
f(g) + h(g),∀g ∈ G and (cf)(g) = cf(g),∀g ∈ G, c ∈ C. These operations make V a vector space. Now,
∀g ∈ G, f ∈ V , define gf to be the function

(gf)(h) = f(g−1h),∀h ∈ G. (26)

Using the same argument in Example 2.9, we know that this makes V a G-module. This representation is called
the canonical representation of G.

Exercise 2.5. Show that V is |G| dimensional, where |G| is the number of elements in G by showing that the
functions {δs}s∈G, where δs(g) = 1 if g = s and δs(g) = 0 if g ̸= s is a base of V .

Exercise 2.6. Show that gδs = δgs.

Example 2.11 is of fundamental importance in the representation theory a finite groups. As will be shown in
the next chapter, the canonical representation contains all irreducible representations of a finite group G.
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3 Character theory

3.1 The character of a representation

Definition 3.1. Let ρ : G→ GL(V ) be a representation, the character of ρ is a map

χρ :G→ C
g 7→ tr(ρ(s))

(27)

Proposition 3.1. Let ρ : G→ GL(V ) be an n dimensional representation (dimV = n). Then we have,
1. χρ(e) = n, where e is the identity element in G.
2. χρ(s

−1) = χρ(s)
∗.

3. χρ(t
−1st) = χρ(s).

Proof. 1. ρ(e)ρ(e) = ρ(ee) = ρ(e), since ρ(e) ∈ GL(V ), we can multiply ρ(e)−1 on both side and obtain
ρ(e) = Id, where Id is the identity map on V . The matrix of Id under any base is the unit n by n matrix In.
Hence χρ(e) = tr(Id) =

∑n
i=1(In)ii =

∑n
i=1 1 = n.

2. From Exercise 2.4, we know that we can find a base {vi}ni=1 of V such that the matrix of ρ(s), denoted by
M(ρ(s)) is a unitary matrix. Using Proposition 1.1, we know that

M(ρ(s−1))M(ρ(s)) =M(ρ(s−1)ρ(s)) =M(ρ(s−1s)) =M(ρ(e)) = In, (28)

Hence, M(ρ(s−1)) =M(ρ(s))−1 =M(ρ(s))H , where the last step is from Proposition 1.9. Now we can compute

χρ(s
−1) = tr(ρ(s−1)) =

n∑
i=1

M(ρ(s−1))ii =

n∑
i=1

(M(ρ(s))H)ii =

n∑
i=1

(M(ρ(s))ii)
∗ = χρ(s)

∗. (29)

3. Using tr(FG) = tr(GF ), we see that

χρ(t
−1st) = tr(ρ(t−1)ρ(s)ρ(t)) = tr(ρ(s)ρ(t)ρ(t−1)) = tr(ρ(s)) = χρ(s). (30)

Proposition 3.2. Let (ρ, V ) be a representation of G, and (ρ1, V1) and (ρ2, V2) be two subrepresentations of V
and V = V1 ⊕ V2. The characters of ρ, ρ1, ρ2 are χ, χ2, χ2. We have χ = χ1 + χ2

Proof. Let {ei}mi=1 be a base of V1 and {fi}ni=1 be a base of V2. Then {e1, ..., em, f1, ..., fn} form a base of V .
∀s ∈ G, write down the matrix of ρ(s) with respect to {e1, ..., em, f1, ..., fn} and the result follows.

3.2 Schur’s lemma and its basic applications

In this section, we first introduce the Schur’s lemma, which is of fundamental importance in group repre-
sentation theory. We then talk about its basic applications.

Proposition 3.3. Let ρ1 : G→ GL(V1), ρ2 : G→ GL(V2) be two irreducible representations. Let F : V1 → V2
be a linear map such that ∀s ∈ G, Fρ1(s) = ρ2(s)F .
1. If ρ1 and ρ2 are not isomorphic, then F = 0.
2. If V1 = V2 = V , ρ1 = ρ2 = ρ, then F = λ Id.

Proof. 1. We begin by showing that ker(F ) is a subrepresentation of V1 and Im(F ) is a subrepresentation of V2.
∀v1 ∈ ker(F ), s ∈ G, Fρ1(s)v1 = ρ2(s)Fv1 = 0, hence ρ1(s)v1 ∈ ker(F ) and ker(F ) is a subrepresentation of V1.
Since V1 is irreducible, ker(F ) = 0 or ker(F ) = V1. ∀Fv1 ∈ Im(F ), s ∈ G, ρ2(s)Fv1 = Fρ1(s)v1 ∈ Im(F ), hence
Im(F ) is a subrepresentation of V2. Since V2 is irreducible, Im(F ) = 0 or Im(F ) = V2. If ker(F ) = 0, then we
must have Im(F ) = V2, this implies F is an isomorphism between ρ1 and ρ2, contradicts with the assumption
that ρ1 and ρ2 are not isomorphic. So we must have ker(F ) = V1 and hence F = 0.
2. Let λ be an eigenvalue of F (we know it must exist as we are working on vector spaces over C), consider
G = F − λ Id. Then Gρ(s) = ρ(s)G. Repeating the argument used in the first part we know either ker(G) = 0
or ker(G) = V . However, G by construction has zero eigenvalue and ker(G) ̸= 0. Therefore, ker(G) = V , G = 0
and F = λ Id.

Corollary 3.1. Let ρ1 : G→ V1, ρ2 : G→ V2 be two irreducible representations, H be a linear map from V1 to
V2, and |G| be the number of elements in G. Let

J =
1

|G|
∑
g∈G

ρ2(s
−1)Hρ1(s). (31)
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1. If ρ1 and ρ2 are not isomorphic, J = 0.
2. If V1 = V2 = V , dimV = n, and ρ1 = ρ2 = ρ, then

J =
1

n
tr(H) Id . (32)

Proof. 1. Using the same trick as that in Proposition 2.9, we can show that ρ2(s)J = Jρ1(s),∀s ∈ G. Then use
Proposition 3.3 we know that J = 0.
2. Use Proposition 3.3 we know that J = λ Id, take trace on both side we obtain tr(J) = λn. From the definition
of J we know tr(J) = tr(H) and the result follows.

Corollary 3.2. Under the same set up of Corollary 3.1,
1. If ρ1 and ρ2 are not isomorphic, pick arbitrary basis {ui}mi=1 and {vi}ni=1 of V1 and V2, we can write down
the matrix of ρ1(s) as M1(s) and the matrix of ρ2(s) as M2(s), we have

1

|G|
∑
s∈G

M2(s
−1)i2j2M1(s)j1i1 = 0,∀i1, j1, i2, j2. (33)

2. If V1 = V2 = V , dimV = n, and ρ1 = ρ2 = ρ, pick arbitrary basis {vi}ni=1 of V , we can write down the
matrix of ρ(s) as M(s). We have

1

|G|
∑
s∈G

M(s−1)i2j2M(s)j1i1 =
1

n
δi2i1δj2j1 ,∀i1, j1, i2, j2. (34)

Proof. 1. Let the matrix of H, J under basis {ui}mi=1 and {vi}ni=1 be M(H) and M(J). Then we have

0 =M(J) =
1

|G|
∑
g∈G

M1(g
−1)M(H)M2(g). (35)

Take the i2i1 component of M(J) we get

0 =
1

|G|

n∑
j2=1

m∑
j1=1

∑
g∈G

M2(g
−1)i2j2M(H)j2j1M1(g)j1i1 (36)

Since M(H)j2j1 is arbitrary, the coefficient of M(H)j2j1 must be zero and we obtain the desired result.
2. Let the matrix of H, J under base {vi}ni=1 be M(H) and M(J). Take the i2i1 component of M(J), we have

1

n

n∑
k=1

M(H)kkδi2i1 =
1

|G|

n∑
j2=1

n∑
j1=1

∑
g∈G

M(g−1)i2j2M(H)j2j1M(g)j1i1 (37)

The left hand side can be written as

1

n

n∑
k=1

M(H)kkδi2i1 =
1

n

n∑
j2=1

n∑
j1=1

M(H)j2j1δj1j2δi2j1 (38)

Since M(H)j2j1 is arbitrary, the coefficient of M(H)j2j1 on the left hand side and right hand side must be the
same, and we obtain the desired formula.

3.3 The space of class functions

Definition 3.2. A function f : G → C is a class function if f(t−1gt) = f(g),∀t, g ∈ G, i.e., f take the same
value on elements in the same conjugate class.

Characters are class functions. Let H be the set of class functions. H forms a vector space under the usual
addition of functions and scalar multiplication. Let fs be the function that equals 1 on conjugate class s and
equals 0 on other conjugate classes. {fs} forms a base of H and the dimension of H is the number of conjugate
classes in G. We can define an inner product in the following way. ∀ψ, χ ∈ H define their inner product by

⟨ψ, χ⟩ ≡ 1

|G|
∑
g∈G

ψ(g)∗χ(g). (39)

In the following section, we will show that the set of characters of irreducible representations form an orthonormal
base of H.
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3.4 Orthogonality relations for characters

We first show that characters of irreducible representations are orthogonal to each other under the inner product
defined in Eq. (39).

Proposition 3.4. If χ1, χ2 are the characters of two non-isomorphic irreducible representation (of degree n
and m respectively) of G, then

⟨χ1, χ1⟩ = 1

⟨χ1, χ2⟩ = 0
(40)

Proof. Let j1 = i1, j2 = i2 in Eq. (34) and sum over i1 and i2 we have

n∑
i1=1

n∑
i2=1

1

|G|
∑
s∈G

M(s−1)i2i2M(s)i1i1 =

n∑
i1=1

n∑
i2=1

1

n
δi2i1δi2i1 = 1 (41)

The left hand side is

n∑
i1=1

n∑
i2=1

1

|G|
∑
s∈G

M(s−1)i2i2M(s)i1i1 =
1

|G|
∑
s∈G

n∑
i2=1

M(s−1)i2i2

n∑
i1=1

M(s)i1i1

=
1

|G|
∑
g∈G

χ1(g
−1)χ1(g)

=
1

|G|
∑
g∈G

χ1(g)
∗χ1(g)

= ⟨χ1χ1⟩.

(42)

The right hand side is 1. Hence ⟨χ1, χ1⟩ = 1. Let j1 = i1, j2 = i2 in Eq. (33) and sum over i1 and i2 we have

n∑
i1=1

m∑
i2=1

1

|G|
∑
s∈G

M2(s
−1)i2j2M1(s)j1i1 = 0. (43)

Using the same argument, the left hand side is ⟨χ1, χ2⟩, and ⟨χ1, χ2⟩ = 0.

An immediate consequence of Proposition 3.4 is that different irreducible representations must have different
characters. Hence a finite group G can only have finite number of irreducible representations (as the characters
of them form an orthogonal system of a finite dimensional vector space H). Now we give some applications
of Proposition 3.4. First, we study the irreducible decomposition. Theorem 2.1 shows that any representation
can be decomposed into direct sum of irreducible representations. This decomposition, however, is in general
not unique. Here we show that the number of appearence of an irreducible representation in an irreducible
decomposition is independent of the irreducible decomposition you choose. Let V be a representation of G
and χ be its character. Let the irreducible representations of G be (ρ1, V1), ..., (ρh, Vh) and χ1, ..., χh be the
corresponding characters. Let V = W1 ⊕ ... ⊕Wk be an arbitrary irreducible decomposition of V (note this
decomposition is in general not unique).

Theorem 3.1. Let mk be the number of irreducible representation isomorphic to Vk in the irreducible decom-
position above, we have mk = ⟨χk, χ⟩, and mk is independent of the decomposition.

Proof. This is an immediate consequence of Proposition 3.4 and Proposition 3.2.

Because of Theorem 3.1, we usually write the irreducible decomposition as V = m1V1 ⊕ ... ⊕mhVh. Now we
give a criterion for determining whether two representations are isomorphic.

Theorem 3.2. Two representations are isomorphic if and only if they have the same characters.

Proof. The only if part is easy. For the if part, note that if they have the same characters, by Theorem 3.1,
they have the same number of copies of irreducible representation Vk for each 1 ≤ k ≤ h and hence they are
isomorphic.

Finally, we give a criterion for irreducibility.

Theorem 3.3. Let (ρ, V ) be a representation of G and χ be its character, then ρ is irreducible if and only if
⟨χ, χ⟩ = 1.

Proof. The only if part if easy. For the if part, let V = m1V1 ⊕ ...⊕mhVh, then 1 = ⟨χ, χ⟩ =
∑h

i=1m
2
i . Hence

only one mi is 1 and all other mj are zero, and the representation is irreducible.
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Proposition 3.4 says the irreducible characters form an orthogonal system of H. Now we further show that they
form an orthonormal basis of H. We begin by the trick of averaging over group.

Proposition 3.5. Let f ∈ H be a class function, ρ : G → V be an irreducible representation of degree n
(meaning dimV = n with character χ. Let ρf be the linear map on V defined by

ρf =
1

|G|
∑
g∈G

f(g)ρ(g). (44)

Then ρf = λ Id, with

λ =
1

n
⟨χ∗, f⟩. (45)

Proof. ∀s ∈ G, we have

ρ(s−1)ρfρ(s) =
1

|G|
∑
g∈G

f(g)ρ(s−1)ρ(g)ρ(s)

=
1

|G|
∑
g∈G

f(g)ρ(s−1gs)

=
1

|G|
∑
g∈G

f(s−1gs)ρ(s−1gs)

=
1

|G|
∑
t∈G

f(t)ρ(t)

= ρf .

(46)

Third equation uses f(s−1gs) = f(g). The fourth equation uses the fact that for any fixed s ∈ G, s−1gs runs
over G when g runs over G. Hence we have ρfρ(s) = ρ(s)ρf . We may then use Proposition 3.3 to conclude that
ρf = λ Id. Take trace on both side we have

nλ =
1

|G|
∑
g∈G

f(g)χ(g) = ⟨χ∗, f⟩, (47)

and we have λ = ⟨χ∗, f⟩/n.

With Proposition 3.5, we are ready to prove that irreducible characters forms orthonormal base of H.

Theorem 3.4. Irreducible characters of G form an orthonormal base of H.

Proof. Let χ1, ..., χh be all irreducible characters of G. First we prove that if a class function f is orthogonal to
all χ∗

k (where χ∗
k(s) ≡ χk(s)

∗), then f = 0. For this, let ρ be the canonical representation of G (Example 2.11)
and χ be its character. By Theorem 2.1, χ is a linear combination of χ1, ..., χh. Hence if f is orthogonal to all
χ∗
k, ⟨χ∗, f⟩ = 0 and ρf = 0. Using Exercise 2.6, acting ρf on δe, where e is the unit element of G, we have

ρfδe =
1

|G|
∑
g∈G

f(g)ρ(g)δe =
1

|G|
∑
g∈G

f(g)δg = 0. (48)

Exercise 2.5 tells us that δg are linearly independent. Hence f(g) = 0,∀g ∈ G and f = 0.
Now we prove χ1, ..., χh form a orthonormal base of H. It’s enough to prove that ∀f ∈ H, f can be written as
a linear combination of χ1, ..., χh. Let q = f −

∑h
k=1⟨χk, f⟩χk. Then by the definition of ⟨χk, f⟩, we have

⟨χk, f⟩∗ = ⟨χ∗
k, f

∗⟩. (49)

Hence q∗ = f∗−
∑h

k=1⟨χ∗
k, f

∗⟩χ∗
k. Using ⟨χ∗

k, χ
∗
j ⟩ = ⟨χk, χj⟩∗ = δkj , we see ⟨χ∗

r , q
∗⟩ = 0,∀1 ≤ r ≤ h, and q∗ = 0.

Hence q = 0 and

f =

h∑
k=1

⟨χk, f⟩χk, (50)

and χ1, ..., χh form a orthonormal base of H.

Theorem 3.5. The number of irreducible representations of G equals the number of conjugate classes of G.

Proof. The number of irreducible representations of G equals the dimension of H, which equal the number of
conjugate classes of G.
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We now provide two more relations between the irreducible characters.

Proposition 3.6. Let s, t ∈ G be in different conjugate class, and c(s) be the number of elements in the
conjugate class of s, we have

h∑
k=1

χk(s)
∗χk(s) =

|G|
c(s)

h∑
k=1

χk(s)
∗χk(t) = 0

(51)

Proof. Let fs be the class function that equals 1 on the conjugate class of s and equals 0 on the other elements.
Using Eq. (50), we have

fs =

h∑
k=1

⟨χk, fs⟩χk. (52)

By definition,

⟨χk, fs⟩ =
1

|G|
∑
g∈G

χk(g)
∗fs(g) =

c(s)

|G|
χ∗
k(s). (53)

Hence we have

fs =
c(s)

|G|

h∑
k=1

χk(s)
∗χk. (54)

Using fs(s) = 1, fs(t) = 0 we obtain the desired results.

3.5 Decomposition of the canonical representation

Proposition 3.7. Let (ρ, V ) be the canonical representation of G (Example 2.11), (ρ1, V1), ..., (ρh, Vh) be the
irreducible representations of G of degree n1, ..., nh, and χ1, ..., χh be the corresponding characters. Then we
have

V = n1V1 ⊕ ...⊕ nhVh (55)

Proof. Let χ be the character of ρ. It’s easy to compute

χ(e) = |G|
χ(s) = 0,∀s ̸= e

(56)

Let V = m1V1 ⊕ ...⊕mhVh, then from Theorem 3.1, we know

mk = ⟨χk, χ⟩ =
1

|G|
∑
g∈G

χk(g)
∗χ(g) =

1

|G|
χk(e)

∗χ(e) = χk(e)
∗ = nk. (57)

Proposition 3.7 tells us that the canonical representation contains all the irreducible representations, it also
provides us with two more identities for the irreducible characters.

Corollary 3.3. We have the following identities

h∑
k=1

n2k = |G|

h∑
k=1

nkχk(s) = 0,∀s ̸= e.

(58)

Proof. By Eq. (50), we have χ =
∑h

k=1 nkχk. χ(e) = |G| gives us the first identity and χ(s) = 0 gives us the
second identity.

Note that Corollary 3.3 can also be obtained from Eq. (51).
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3.6 Example: the character table for D4

In this section we work the character table of D4 (Example 2.2). D4 contains 8 elements: the identity element
Id, rotation by π

2 , π,
3π
2 and four reflections. Let Ro(θ) be the rotation (counterclockwise) by θ and Re(θ) be

the reflection along the line whose angle (counterclockwise) between the x-axis is θ. We have

Re(θ)−1Ro(α)Re(θ) = Ro(−α)
Ro(θ)−1Re(α)Ro(θ) = Re(α+ θ)

(59)

Hence D4 is divided into 5 conjugate classes

D4 = {{Id}, {Ro(π)}, {Ro(π
2
), Ro(

3π

2
)}, {Re(0), Re(π

2
)}, {Re(π

4
), Re(

3π

4
)}}. (60)

Let the classes be c1, c2, c3, c4, c5 respectively. From Theorem 3.5, D4 has 5 irreducible representations χ1, ..., χ5.
Using Corollary 3.3, we know one of the irreducible representation has degree 2 and all the other 4 has degree 1.
Suppose χ5 has degree 2. First of all, we have two degree 1 representations: ρ1 that maps every group element to
1 and ρ2 that maps g ∈ D4 to det(g). Since by definition, representations of degree 1 are irreducible, these two
irreducible representations gives us irreducible characters χ1 and χ2. Second, notice that D4 is already a group
consisting of linear maps on R2, i.e., D4 ⊂ GL(R2), we have a tautological representation ρ5;D4 → GL(R2),
where ρ5 is just the identity map. Using Theorem 3.3, we see this is an irreducible representation and we have
the last row in Table 1. Third, since we know χ3 and χ4 are of degree 1, we can know the first column. Now
we have 8 unknowns. Orthogonality relations (Proposition 3.4) provides 6 linear constraints for χ3 and χ4 and
Eq. (51) provides another 4 linear constraints. Solving these linear equations we obtain Table 1.

c1 c2 c3 c4 c5
χ1 1 1 1 1 1
χ2 1 1 1 -1 -1
χ3 1 1 -1 1 -1
χ4 1 1 -1 -1 1
χ5 2 -2 0 0 0

Table 1: The character table of D4
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4 An application of character theory: block diagonalization

4.1 Canonical decomposition of a representation

In general, there are multiple ways of decomposing a given representation into the direct sum of irreducible
representations. Here we introduce a canonical way of decomposing representations called the canonical decom-
position. As will be seen later, canonical decomposition blockdiagonalizes symmetric Hamiltonian.

Proposition 4.1. Let (ρ, V ) be a linear representation of G, {(ρj , Vj)}hj=1 be the irreducible representations of

G, each with degree nj and character χj, V = ⊕h
j=1mjVj be an arbitrary irreducible decomposition of V , and

Uj ≡ mjVj. Then the operators

pj ≡
nj
|G|

∑
g∈G

χj(g)
∗ρ(g) (61)

are projection operators, and pj(V ) = Uj. In other words, the decomposition V = ⊕h
j=1Uj is independent of the

choice of irreducible representations. This decomposition is called the canonical decomposition.

Proof. Let W ⊂ V be an irreducible subrepresentation of degree n and character χ, then by definition, pj maps
W to W and we denote the restriction of pj to W by pWj . We have

ρ|W (s−1)pWj ρ|W (s) =
nj
|G|

∑
g∈G

χj(g)
∗ρ|W (s−1)ρ|W (g)ρ|W (s)

=
nj
|G|

∑
g∈G

χj(g)
∗ρ|W (s−1gs)

=
nj
|G|

∑
g∈G

χj(s
−1gs)∗ρ|W (s−1gs)

=
nj
|G|

∑
t∈G

χj(t)
∗ρ|W (t)

= pWj .

(62)

By Schur’s lemma, pWj = λ IdW , take trace on both side we have

tr pWj =
nj
|G|

∑
g∈G

χj(g)
∗ tr ρ|W (g)

=
nj
|G|

∑
g∈G

χj(g)
∗χ(g)

= nj⟨χj , χ⟩
= λnj

(63)

Hence if W is isomorphic to Vj , p
W
j = IdW . Otherwise, pWj = 0. Since Ui is the direct sum of irreducible

representations isomorphic to Vi, we have pUi
j = δij IdUi . Hence pj is a projection operator for all j and

pj(V ) = Uj .

4.2 Block diagonalization of symmetric Hamiltonian

Here we introduce a general method of block diagonalizing Hamiltonians using the canonical decomposition
of the Hilbert space under the symmetry group of the Hamiltonian. The general set up in physics is the
following. Let H be the Hilbert space of certain physical system, H be the Hamiltonian of the system. It is
often the case that we can find some symmetries of the physical systems before doing actual calculations. These
symmetries corresponds to invertible linear operators commuting with the Hamiltonian. Once we found several
linear operators commuting with H, we can use them to generate a group G, and the Hilbert space H carries a
representation of G. The following theorem tells us how to block diagonalize H with G.

Theorem 4.1. Let (ρ, V ) be a representation of G, V = ⊕h
i=1Ui be the canonical decomposition of V , H : V → V

be a linear map that has G as a symmetry group, i.e. [H, ρ(g)] ≡ Hρ(h) − ρ(g)H = 0,∀g ∈ G. Then Uj is an
invariant subspace of H.

Proof. ∀wj ∈ Uj , we have

pjHwj =
nj
|G|

∑
g∈G

χj(g)
∗ρ(g)Hwj = H

nj
|G|

∑
g∈G

χj(g)
∗ρ(g)wj = Hpjwj = Hwj , (64)

hence Hwj ∈ Uj and Uj is an invariant subspace of H.
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5 The group algebra

5.1 The group algebra C[G]

The group algebra C[G] is a vector space whose basis is the set G, together with a multiplication induced by the
group multiplication. It is useful because it turns the study of representations of G into the study of modules
over one algebra.

Definition 5.1. An algebra over C is a vector space A over C equipped with a multiplication map

A×A→ A, (a, b) 7→ ab,

such that

1. the multiplication is bilinear;

2. (ab)c = a(bc) for all a, b, c ∈ A;

3. there exists an element 1A ∈ A such that 1Aa = a1A = a for all a ∈ A.

The element 1A is called the unit of A.

Definition 5.2. Let G be a finite group. The group algebra C[G] is the vector space consisting of formal sums∑
g∈G

cgg, cg ∈ C.

Addition and scalar multiplication are defined coefficient-wise. Multiplication is defined by extending the group
multiplication linearly: ∑

g∈G

cgg

(∑
s∈G

dss

)
=
∑

g,s∈G

cgds(gs).

The unit of C[G] is the identity element e ∈ G, viewed as an element of the basis of C[G].

Proposition 5.1. C[G] is an algebra over C.

Proof. Bilinearity follows from the definition. Associativity follows from associativity of the group multiplica-
tion:

((g1g2)g3) = g1(g2g3), g1, g2, g3 ∈ G,

and then by linearity for arbitrary elements of C[G]. The unit is the identity element e ∈ G.

Definition 5.3. Let A be an algebra over C. A left A-module is a vector space V together with a bilinear map

A× V → V, (a, v) 7→ av,

such that
(ab)v = a(bv), 1Av = v,

for all a, b ∈ A and v ∈ V .

Proposition 5.2. Giving a representation of G on V is equivalent to giving a left C[G]-module structure on V .

Proof. Suppose first that V is a representation of G. Thus each g ∈ G acts linearly on V . Define∑
g∈G

cgg

 v =
∑
g∈G

cg(gv).

This gives a left C[G]-module structure on V because(∑
g

cgg

)((∑
s

dss

)
v

)
=
∑
g,s

cgds g(sv) =
∑
g,s

cgds (gs)v.

Conversely, if V is a left C[G]-module, then each basis element g ∈ G ⊂ C[G] acts linearly on V . Since e acts
as the identity and (gs)v = g(sv), this gives an action of G on V by linear maps. Also, g−1 acts as the inverse
of g, so the corresponding maps are invertible. Hence V is a representation of G.
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Because of this proposition, we will freely identify representations of G and left C[G]-modules.

Example 5.1. The vector space C[G] itself is a left C[G]-module by left multiplication. Equivalently, G acts
on C[G] by

g

(∑
s∈G

css

)
=
∑
s∈G

cs(gs).

Under the identification between the basis element s ∈ C[G] and the delta function δs on G, this is the canonical
representation introduced in Example 2.11.

Exercise 5.1. Let ρ : G→ GL(V ) be a representation and let a =
∑

g∈G cgg ∈ C[G]. Define

ρ(a) =
∑
g∈G

cgρ(g).

Show that ρ(ab) = ρ(a)ρ(b) for all a, b ∈ C[G].

5.2 Decomposition of C[G]

Let (ρ1, V1), . . . , (ρh, Vh) be all irreducible representations of G, with characters χ1, . . . , χh and degrees

ni = dimVi.

By Proposition 3.7, as a left G-module, or equivalently as a left C[G]-module, we have

C[G] ∼= n1V1 ⊕ · · · ⊕ nhVh.

Here niVi means the direct sum of ni copies of Vi.
The group algebra also has a stronger decomposition as an algebra.

Theorem 5.1. Define

Φ : C[G] →
h⊕

i=1

End(Vi)

by
Φ(a) =

(
ρ1(a), . . . , ρh(a)

)
.

Then Φ is an isomorphism of algebras.

Proof. It is clear from the previous exercise that Φ is an algebra homomorphism. We first show that Φ is
injective. Suppose Φ(a) = 0. Then a acts by zero on every irreducible representation Vi. Since the left regular
representation decomposes as

C[G] ∼= n1V1 ⊕ · · · ⊕ nhVh,

left multiplication by a acts as zero on C[G]. In particular,

a = ae = 0,

where e is the identity element of G. Hence kerΦ = 0.
Now compare dimensions. The dimension of the left hand side is |G|. The dimension of the right hand side is

h∑
i=1

dimEnd(Vi) =

h∑
i=1

n2i .

By Corollary 3.3,
h∑

i=1

n2i = |G|.

Therefore Φ is an injective linear map between vector spaces of the same dimension, hence it is an isomorphism.

This theorem says that, after choosing all irreducible representations, the group algebra is the direct sum of full
matrix algebras:

C[G] ∼= End(V1)⊕ · · · ⊕ End(Vh).

In particular, all information about the irreducible representations is contained in C[G].
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Definition 5.4. For each irreducible representation Vi, define

pi =
ni
|G|

∑
g∈G

χi(g)
∗g ∈ C[G].

These elements are called the central idempotents associated with the irreducible representations.

Proposition 5.3. The elements pi satisfy

pipj = δijpi,

h∑
i=1

pi = e.

Moreover, for any representation (ρ, V ), the operator ρ(pi) is the projection onto the Vi-isotypic component of
V .

Proof. The last statement is exactly Proposition 4.1 written in the language of the group algebra, because

ρ(pi) =
ni
|G|

∑
g∈G

χi(g)
∗ρ(g).

Apply this to the irreducible representation Vk. We get

ρk(pi) =

{
IdVi

, k = i,

0, k ̸= i.

Therefore, under the algebra isomorphism Φ, pi maps to

(0, . . . , 0, IdVi
, 0, . . . , 0).

The identities pipj = δijpi and
∑

i pi = e follow immediately.

Exercise 5.2. Show directly from the definition that pi commutes with every group element g ∈ G. Thus pi
lies in the center of C[G].

5.3 The center of C[G]

Definition 5.5. Let A be an algebra. The center of A is

Z(A) = {a ∈ A : ab = ba, ∀b ∈ A}.

Let C be a conjugacy class of G. Define the class sum

ΩC =
∑
g∈C

g ∈ C[G].

Proposition 5.4. The class sums ΩC , where C runs over all conjugacy classes of G, form a basis of Z(C[G]).

Proof. Let

a =
∑
g∈G

agg ∈ C[G].

The element a is central if and only if hah−1 = a for all h ∈ G. But

hah−1 =
∑
g∈G

ag(hgh
−1).

Thus hah−1 = a for all h ∈ G if and only if the coefficient ag is constant on conjugacy classes. Therefore every
central element is a linear combination of class sums. Since distinct conjugacy classes are disjoint, the class
sums are linearly independent.

Corollary 5.1.
dimZ(C[G]) = the number of conjugacy classes of G.

This agrees with Theorem 3.5, which says that the number of irreducible representations is the number of
conjugacy classes.
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Proposition 5.5. Let z ∈ Z(C[G]). For each irreducible representation (ρi, Vi), there is a scalar ωi(z) ∈ C
such that

ρi(z) = ωi(z) IdVi
.

If C is a conjugacy class and c ∈ C, then

ωi(ΩC) =
|C|χi(c)

ni
.

Proof. Since z is central, for every g ∈ G we have

ρi(g)ρi(z) = ρi(gz) = ρi(zg) = ρi(z)ρi(g).

Thus ρi(z) commutes with the irreducible representation ρi. By Schur’s lemma,

ρi(z) = ωi(z) IdVi

for some scalar ωi(z).
Now take z = ΩC . Then

ρi(ΩC) =
∑
g∈C

ρi(g).

Taking trace on both sides gives

niωi(ΩC) =
∑
g∈C

χi(g) = |C|χi(c),

because χi is constant on conjugacy classes. Hence

ωi(ΩC) =
|C|χi(c)

ni
.

Definition 5.6. The scalar ωi(z) is called the central character of z on Vi.

Proposition 5.6. The elements p1, . . . , ph form another basis of Z(C[G]). More precisely,

Z(C[G]) = Cp1 ⊕ · · · ⊕ Cph.

Proof. Under the algebra isomorphism

C[G] ∼=
h⊕

i=1

End(Vi),

the center of the right hand side is
C IdV1

⊕ · · · ⊕ C IdVh
.

The element pi maps to the element whose i-th component is IdVi
and whose other components are zero. Hence

the pi form a basis of the center.

Exercise 5.3. Let C and D be conjugacy classes of G. Since ΩCΩD is central, there exist numbers NE
CD ∈ C

such that
ΩCΩD =

∑
E

NE
CDΩE ,

where E runs over conjugacy classes. Show that each NE
CD is in fact a nonnegative integer. Interpret NE

CD as
the number of ways to write a fixed element of E as a product cd with c ∈ C and d ∈ D.

5.4 Basic properties of integers

In this section, the word “integer” means algebraic integer. These numbers generalize ordinary integers and
naturally appear as character values.

Definition 5.7. A complex number α ∈ C is called an algebraic integer if there exists a monic polynomial

f(x) = xn + an−1x
n−1 + · · ·+ a1x+ a0, ai ∈ Z,

such that
f(α) = 0.
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Every ordinary integer is an algebraic integer, since m ∈ Z is a root of x−m.

Proposition 5.7. Let α ∈ C. Then α is an algebraic integer if and only if there exists a nonzero finitely
generated abelian group M ⊂ C such that

αM ⊂M.

Proof. Suppose α is an algebraic integer and satisfies

αn + an−1α
n−1 + · · ·+ a1α+ a0 = 0.

Let M = Z+ Zα + · · ·+ Zαn−1, then M is finitely generated and αM ⊂ M , because αn can be written as an
integer linear combination of 1, α, . . . , αn−1.
Conversely, suppose M is generated by m1, . . . ,mr as an abelian group and αM ⊂M . Then there are integers
aij such that

αmj =

r∑
i=1

aijmi.

Let A = (aij). Then the equations above say that the matrix αI −A has a nonzero vector in its kernel. Hence

det(αI −A) = 0.

The polynomial det(xI −A) is monic with integer coefficients, so α is an algebraic integer.

Proposition 5.8. The algebraic integers form a subring of C. In other words, if α and β are algebraic integers,
then α+ β, αβ, are also algebraic integers.

Proof. Choose finitely generated abelian groups M,N ⊂ C such that

αM ⊂M, βN ⊂ N.

Let L be the subgroup of C generated by all products mn with m ∈M and n ∈ N . Since M and N are finitely
generated, L is finitely generated. Moreover, L is stable under multiplication by α, by β, and therefore by α+β
and αβ. By the previous proposition, α+ β and αβ are algebraic integers.

Proposition 5.9. If α ∈ Q is an algebraic integer, then α ∈ Z.

Proof. Write α = p/q with p, q ∈ Z, q > 0, and gcd(p, q) = 1. Suppose α satisfies

αn + an−1α
n−1 + · · ·+ a0 = 0, ai ∈ Z.

Multiplying by qn, we get
pn + an−1p

n−1q + · · ·+ a1pq
n−1 + a0q

n = 0.

Thus q divides pn. Since gcd(p, q) = 1, we must have q = 1. Therefore α ∈ Z.

Proposition 5.10. If A is a square matrix with integer entries, then every eigenvalue of A is an algebraic
integer.

Proof. Every eigenvalue of A is a root of the characteristic polynomial det(xI − A), which is monic and has
integer coefficients.

Exercise 5.4. Show that every root of unity is an algebraic integer. Conclude that if ρ is a representation of a
finite group, then every character value χρ(g) is an algebraic integer.

5.5 Integrality properties of characters. Applications

We now apply algebraic integers to character theory. The key point is that class sums act by algebraic integers
on irreducible representations.

Proposition 5.11. Let C be a conjugacy class of G, let c ∈ C, and let (ρi, Vi) be an irreducible representation

of degree ni and character χi. Then |C|χi(c)
ni

is an algebraic integer.
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Proof. The class sum ΩC acts on the irreducible representation Vi by the scalar

ωi(ΩC) =
|C|χi(c)

ni
.

On the other hand, left multiplication by ΩC on C[G] is represented in the basis G by a matrix with integer
entries: indeed, for s ∈ G,

ΩCs =
∑
g∈C

gs,

which is an integer linear combination of elements of G. Therefore every eigenvalue of this operator is an
algebraic integer. Since ωi(ΩC) occurs as an eigenvalue of the action of ΩC on the regular representation, it is
an algebraic integer.

Theorem 5.2. Let (ρi, Vi) be an irreducible representation of G of degree ni. Then ni divides |G|. In other
words, the degree of every irreducible representation divides the order of the group.

Proof. Using the character orthogonality relation ⟨χi, χi⟩ = 1, we have

|G| =
∑
g∈G

χi(g)
∗χi(g) =

∑
g∈G

χi(g
−1)χi(g).

Group the sum by conjugacy classes. Let C run over conjugacy classes and choose c ∈ C. Then

|G| =
∑
C

|C|χi(c
−1)χi(c).

Dividing by ni, we get
|G|
ni

=
∑
C

(
|C|χi(c)

ni

)
χi(c

−1).

The first factor in each term is an algebraic integer by the previous proposition. The second factor is a character
value, hence is also an algebraic integer. Therefore |G|/ni is an algebraic integer.
But |G|/ni is a rational number. A rational algebraic integer is an ordinary integer. Hence |G|/ni ∈ Z, so ni
divides |G|.

Corollary 5.2. If G is abelian, then every irreducible representation of G has degree 1.

Proof. If G is abelian, every conjugacy class has one element. Hence the number of conjugacy classes is |G|, so
G has |G| irreducible representations. If their degrees are n1, . . . , n|G|, then

|G|∑
i=1

n2i = |G|.

Since each ni ≥ 1, the only possibility is ni = 1 for all i.

Example 5.2. Let G = D4. We know that |D4| = 8 and that D4 has five conjugacy classes. Hence there are
five irreducible representations, with degrees n1, . . . , n5 satisfying

n21 + · · ·+ n25 = 8.

Since each ni ≥ 1, the only possibility is
1, 1, 1, 1, 2.

This agrees with the character table found in Section 3.6.

Proposition 5.12. Let C,D,E be conjugacy classes and write

ΩCΩD =
∑
E

NE
CDΩE .

For every irreducible representation Vi, we have

ωi(ΩC)ωi(ΩD) =
∑
E

NE
CDωi(ΩE).

Equivalently,
|C|χi(c)

ni

|D|χi(d)

ni
=
∑
E

NE
CD

|E|χi(e)

ni
,

where c ∈ C, d ∈ D, and e ∈ E.
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Proof. Apply the irreducible representation ρi to the identity

ΩCΩD =
∑
E

NE
CDΩE .

Since each class sum is central, it acts on Vi by a scalar. This gives the desired identity.

This proposition says that the character table diagonalizes the multiplication rules of class sums. In computa-
tions, this gives strong constraints on possible character tables.

Exercise 5.5. For D4, compute the products of the class sums corresponding to the five conjugacy classes in
Section 3.6. Check that the character table in Table 1 diagonalizes these multiplication rules.
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6 Induced representations

6.1 Tensor product of modules

We first recall the tensor product. Tensor products are useful because induction is most naturally written as

C[G]⊗C[H] W.

Definition 6.1. Let V and W be vector spaces over C. Their tensor product V ⊗C W is the vector space
generated by symbols v ⊗ w, where v ∈ V and w ∈W , subject to the bilinear relations

(v1 + v2)⊗ w = v1 ⊗ w + v2 ⊗ w,

v ⊗ (w1 + w2) = v ⊗ w1 + v ⊗ w2,

(cv)⊗ w = v ⊗ (cw) = c(v ⊗ w).

If {vi}mi=1 is a basis of V and {wj}nj=1 is a basis of W , then

{vi ⊗ wj : 1 ≤ i ≤ m, 1 ≤ j ≤ n}

is a basis of V ⊗C W . Hence
dim(V ⊗C W ) = dimV dimW.

Definition 6.2. Let V and W be G-modules. The tensor product representation V ⊗W is the vector space
V ⊗C W with G-action

g(v ⊗ w) = (gv)⊗ (gw).

Proposition 6.1. If V and W have characters χV and χW , then V ⊗W has character

χV⊗W (g) = χV (g)χW (g).

Proof. Choose bases of V and W . If the matrices of g on V and W are A and B, then the matrix of g on V ⊗W
is the Kronecker product A⊗B. Its trace is

tr(A⊗B) = tr(A) tr(B).

Therefore
χV⊗W (g) = χV (g)χW (g).

Definition 6.3. Let V be a G-module. The dual representation V ∨ is the dual vector space of V , with action

(gα)(v) = α(g−1v), α ∈ V ∨, v ∈ V.

Exercise 6.1. Show that
χV ∨(g) = χV (g

−1) = χV (g)
∗.

We will also need tensor products over an algebra.

Definition 6.4. Let A be an algebra over C. Let M be a right A-module and let N be a left A-module. The
tensor product of M and N over A, denoted by M ⊗A N , is the quotient of M ⊗C N by the subspace generated
by elements of the form

(ma)⊗ n−m⊗ (an), m ∈M, n ∈ N, a ∈ A.

The image of m⊗ n in the quotient is denoted by m⊗A n.

Thus, in M ⊗A N , we impose the relation

ma⊗A n = m⊗A an.

Example 6.1. Let H ⊂ G be a subgroup. Then C[G] is a left C[G]-module by left multiplication and a right
C[H]-module by right multiplication. These two actions commute. Hence, if W is an H-module, the vector
space

C[G]⊗C[H] W

is naturally a left C[G]-module.
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6.2 Induced representations

Definition 6.5. Let H ⊂ G be a subgroup and let W be an H-module. The induced representation of W from
H to G is

IndGH W = C[G]⊗C[H] W.

The action of G is given by left multiplication on the first factor:

g′(g ⊗ w) = (g′g)⊗ w.

Intuitively, induction takes a representation of a subgroup and makes copies of it over the cosets of the subgroup.
This is why induced representations naturally appear when a state is first defined with a smaller symmetry group
and then moved around by the full group.

Proposition 6.2. Let r1, . . . , rm be representatives of the left cosets G/H, so

G = r1H ⊔ · · · ⊔ rmH.

Then every element of IndGH W can be written uniquely as

m∑
i=1

ri ⊗ wi, wi ∈W.

In particular,
dim IndGH W = [G : H] dimW.

Moreover, if g ∈ G and gri = rjh with h ∈ H, then

g(ri ⊗ w) = rj ⊗ (hw).

Proof. Every element of G can be written uniquely as rih for some i and h ∈ H. In the tensor product over
C[H], we have

rih⊗ w = ri ⊗ hw.

Therefore every element of IndGH W can be written as
∑

i ri ⊗ wi.
Uniqueness follows from the vector space decomposition

C[G] =
m⊕
i=1

riC[H]

as a right C[H]-module. Hence

C[G]⊗C[H] W ∼=
m⊕
i=1

riC[H]⊗C[H] W ∼=
m⊕
i=1

W.

The formula for the action follows from

g(ri ⊗ w) = (gri)⊗ w = (rjh)⊗ w = rj ⊗ hw.

Example 6.2. If H = G, then
IndGGW

∼=W.

If H = {e} and W = C is the trivial representation, then

IndG{e} C ∼= C[G],

the canonical representation.

Example 6.3. Let C be the trivial representation of H. Then

IndGH C

is the permutation representation of G on the set of left cosets G/H. Indeed, with coset representatives ri, the
basis vector ri ⊗ 1 corresponds to the coset riH, and G permutes these cosets by left multiplication.
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Proposition 6.3 (Function model). The induced representation IndGH W is isomorphic to the vector space of
functions

f : G→W

satisfying
f(xh) = h−1f(x), x ∈ G, h ∈ H.

The action of G is
(gf)(x) = f(g−1x).

Proof. Choose left coset representatives r1, . . . , rm. A function satisfying f(xh) = h−1f(x) is uniquely deter-
mined by its values f(ri). Hence the function space is naturally isomorphic to

⊕
iW , just like IndGH W . Under

this identification, ri ⊗ wi corresponds to the function defined by

f(rih) = h−1wi, h ∈ H,

and equal to zero on the other cosets. The formula (gf)(x) = f(g−1x) agrees with left multiplication on the
tensor product.

Exercise 6.2. Let K ⊂ H ⊂ G be subgroups and let U be a K-module. Show that

IndGH

(
IndHK U

)
∼= IndGK U.

This is called transitivity of induction.

6.3 The character of an induced representation; the reciprocity formula

Let ψ be the character of an H-module W . We now compute the character of IndGH W .

Theorem 6.1. Let H ⊂ G and let W be an H-module with character ψ. The character of IndGH W is

χIndG
H W (g) =

1

|H|
∑
x∈G

x−1gx∈H

ψ(x−1gx).

Proof. Choose representatives r1, . . . , rm of the left cosets G/H. By the previous proposition,

IndGH W ∼=
m⊕
i=1

ri ⊗W.

The element g ∈ G sends the summand ri ⊗W to the summand corresponding to the coset griH.
Only those summands that are mapped to themselves contribute to the trace. The summand ri ⊗W is fixed
precisely when

griH = riH,

equivalently r−1
i gri ∈ H. On such a fixed summand, the action is

g(ri ⊗ w) = ri ⊗
(
(r−1

i gri)w
)
,

so the contribution to the trace is ψ(r−1
i gri). Hence

χIndG
H W (g) =

∑
i

r−1
i gri∈H

ψ(r−1
i gri).

Replacing the sum over coset representatives by a sum over all x ∈ G gives

χIndG
H W (g) =

1

|H|
∑
x∈G

x−1gx∈H

ψ(x−1gx),

because each left coset contains |H| elements and ψ is a class function on H.
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Definition 6.6. If α and β are class functions on G, write

⟨α, β⟩G =
1

|G|
∑
g∈G

α(g)∗β(g).

If ψ is a class function on H, define the induced class function IndGH ψ by the same formula:

(IndGH ψ)(g) =
1

|H|
∑
x∈G

x−1gx∈H

ψ(x−1gx).

Definition 6.7. Let V be a G-module. The restriction of V to H is the same vector space V , viewed only as
an H-module. It is denoted by ResGH V. If χ is the character of V , then the character of ResGH V is simply χ|H .

Theorem 6.2 (Frobenius reciprocity). Let W be an H-module with character ψ, and let V be a G-module with
character χ. Then 〈

IndGH ψ, χ
〉
G
=
〈
ψ,ResGH χ

〉
H
.

Proof. Using the character formula for induction,

〈
IndGH ψ, χ

〉
G
=

1

|G|
∑
g∈G

 1

|H|
∑
x∈G

x−1gx∈H

ψ(x−1gx)


∗

χ(g).

We may rewrite this as a sum over pairs (x, h) ∈ G×H by setting

h = x−1gx, or equivalently g = xhx−1.

Thus 〈
IndGH ψ, χ

〉
G
=

1

|G||H|
∑
x∈G

∑
h∈H

ψ(h)∗χ(xhx−1).

Since χ is a class function on G, χ(xhx−1) = χ(h). Hence〈
IndGH ψ, χ

〉
G
=

1

|H|
∑
h∈H

ψ(h)∗χ(h) =
〈
ψ,ResGH χ

〉
H
.

Proposition 6.4 (Frobenius reciprocity, module form). There is a natural isomorphism

HomG(Ind
G
H W,V ) ∼= HomH(W,ResGH V ).

Proof. Let F : C[G]⊗C[H] W → V be a G-module homomorphism. Define

ϕF :W → V, ϕF (w) = F (e⊗ w).

For h ∈ H, we have
ϕF (hw) = F (e⊗ hw) = F (h⊗ w) = hF (e⊗ w) = hϕF (w),

so ϕF is an H-module homomorphism.
Conversely, given an H-module homomorphism ϕ :W → ResGH V , define

Fϕ(g ⊗ w) = gϕ(w).

This is well-defined because

Fϕ(gh⊗ w) = ghϕ(w) = gϕ(hw) = Fϕ(g ⊗ hw).

It is also clearly G-equivariant. The two constructions are inverse to each other.

Exercise 6.3. Let 1H be the trivial character of H. Show that〈
IndGH 1H , χ

〉
G
=

1

|H|
∑
h∈H

χ(h).

Interpret the right hand side as the dimension of the H-invariant subspace of V .
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6.4 Restriction to subgroups

Let K ⊂ G be another subgroup. In many applications one first induces a representation from H to G, and
then restricts it to K. The answer is controlled by double cosets.

Definition 6.8. Let H,K ⊂ G be subgroups. A double coset is a subset of G of the form

KxH = {kxh : k ∈ K, h ∈ H}.

The set of double cosets is denoted by
K\G/H.

For x ∈ G, write
xH = xHx−1.

If W is an H-module, define the conjugate representation xW of xH as follows: the underlying vector space is
still W , and

(xhx−1)w = hw, h ∈ H, w ∈W.

Theorem 6.3 (Mackey restriction formula). Let H,K ⊂ G and let W be an H-module. For each representative
x of a double coset in K\G/H, set

Kx = K ∩ xHx−1.

Then
ResGK IndGH W ∼=

⊕
x∈K\G/H

IndKKx

(
ResxHx−1

Kx
(xW )

)
.

Proof. As a (C[K],C[H])-bimodule, we have the direct sum decomposition

C[G] =
⊕

x∈K\G/H

C[KxH],

where x runs over a choice of double coset representatives. Therefore

ResGK IndGH W = C[G]⊗C[H] W ∼=
⊕

x∈K\G/H

C[KxH]⊗C[H] W.

Fix one double coset representative x and put Kx = K ∩ xHx−1. We claim that

C[KxH]⊗C[H] W ∼= C[K]⊗C[Kx] Res
xHx−1

Kx
(xW ).

Define a map from the right hand side to the left hand side by

k ⊗ w 7→ kx⊗ w.

This is well-defined. Indeed, if l ∈ Kx, then l = xhx−1 for some h ∈ H. In the right hand side, the tensor
relation identifies

kl ⊗ w = k ⊗ lw = k ⊗ hw.

In the left hand side,
klx⊗ w = kxh⊗ w = kx⊗ hw.

Thus the map respects the tensor relations. It is K-equivariant, and one checks from the description of the
double coset KxH that it is bijective. Summing over double cosets gives the formula.

Corollary 6.1 (Branching rule). Let Vi be an irreducible representation of G with character χi, and let Wα be
an irreducible representation of H with character ψα. The multiplicity of Wα in ResGH Vi is〈

ψα,Res
G
H χi

〉
H
.

By Frobenius reciprocity, this is also the multiplicity of Vi in IndGH Wα:〈
ψα,Res

G
H χi

〉
H

=
〈
IndGH ψα, χi

〉
G
.

Exercise 6.4. Let H ⊂ G and let V be a G-module. Show that the multiplicity of the trivial representation of
H in ResGH V is the dimension of the subspace

V H = {v ∈ V : hv = v, ∀h ∈ H}.

Use Frobenius reciprocity to reinterpret this multiplicity inside IndGH C.
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6.5 Mackey’s irreducibility criterion

We now use the Mackey restriction formula to decide when an induced representation is irreducible.

Theorem 6.4 (Mackey’s irreducibility criterion). Let H ⊂ G and let W be an irreducible H-module. For
x ∈ G, define

Hx = H ∩ xHx−1.

Then IndGH W is irreducible if and only if, for every x /∈ H,

HomHx

(
ResHHx

W,ResxHx−1

Hx
(xW )

)
= 0.

Equivalently, for every nontrivial double coset HxH ̸= H, the two Hx-modules

ResHHx
W, ResxHx−1

Hx
(xW )

have no irreducible component in common.

Proof. Let U = IndGH W. By Theorem 3.3, U is irreducible if and only if

⟨χU , χU ⟩G = 1.

By Frobenius reciprocity,
⟨χU , χU ⟩G =

〈
χW ,ResGH χU

〉
H
.

Now apply the Mackey restriction formula with K = H:

ResGH IndGH W ∼=
⊕

x∈H\G/H

IndHHx

(
ResxHx−1

Hx
(xW )

)
.

Therefore
⟨χU , χU ⟩G =

∑
x∈H\G/H

〈
ResHHx

W,ResxHx−1

Hx
(xW )

〉
Hx

,

where we used Frobenius reciprocity again for each summand. The double coset H itself corresponds to x = e.
Its contribution is

⟨χW , χW ⟩H = 1,

because W is irreducible. Every other summand is a nonnegative integer, since it is the dimension of a space
of homomorphisms, or equivalently the number of common irreducible components counted with multiplicity.
Hence

⟨χU , χU ⟩G = 1

if and only if every contribution from a nontrivial double coset is zero. This is exactly the stated condition.

Corollary 6.2. Suppose H is a normal subgroup of G, and let W be an irreducible H-module. Then IndGH W
is irreducible if and only if xW ̸∼=W as H-modules for every x /∈ H.

Proof. If H is normal, then xHx−1 = H and Hx = H for every x ∈ G. Mackey’s criterion becomes

HomH(W, xW ) = 0

for every x /∈ H. Since W and xW are both irreducible, Schur’s lemma says this is equivalent to W ̸∼= xW .

Exercise 6.5. Let H = {e}. Use Mackey’s criterion to show that the canonical representation C[G] is irreducible
if and only if G is the trivial group.

Exercise 6.6. Assume H is normal in G. Let W be an irreducible representation of H, and let

GW = {g ∈ G : gW ∼=W}.

Show that GW is a subgroup of G containing H. This subgroup is called the inertia group of W and will be
useful when studying normal subgroups and semidirect products.
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7 Examples of induced representations

In the previous chapter we introduced induction in an abstract form:

IndGH W = C[G]⊗C[H] W.

In this chapter we discuss two important situations where induced representations can be described rather
explicitly. The first one is the case of a normal subgroup. The second one is the case of a semidirect product by
an abelian group. The second case is the finite-group version of the little group method used for space groups
in solid state physics.

7.1 Normal subgroups; applications to the degrees of the irreducible representa-
tions

Let N be a normal subgroup of G. If W is a representation of N and g ∈ G, then we can construct another
representation of N by conjugating the action.

Definition 7.1. Let N be a normal subgroup of G, and let W be an N -module. For g ∈ G, the conjugate
N -module gW is the same vector space W , with N -action defined by

n · w = (g−1ng)w, n ∈ N, w ∈W.

If ψ is the character of W , then the character of gW is

(gψ)(n) = ψ(g−1ng).

Since N is normal, g−1ng ∈ N , so the definition makes sense. Thus G acts on the set of isomorphism classes of
irreducible representations of N .

Definition 7.2. Let W be an irreducible representation of N . The inertia group of W is

GW = {g ∈ G : gW ∼=W}.

Equivalently, if ψ is the character of W , then

GW = {g ∈ G : gψ = ψ}.

The inertia group is the subgroup of G that preserves the irreducible representation W of N . It always
contains N , because conjugation by an element of N does not change the isomorphism class of an irreducible
representation of N .

Proposition 7.1. Let N be a normal subgroup of G. Let V be an irreducible representation of G. Let W be
an irreducible representation of N that appears in ResGN V . Then there exists a positive integer e such that

ResGN V ∼= e

r⊕
i=1

giW,

where g1, . . . , gr are representatives of G/GW . In particular,

dimV = e[G : GW ] dimW.

Proof. Since N is finite, ResGN V is completely reducible as an N -module. For an irreducible N -module U , let
V [U ] be the sum of all N -submodules of V isomorphic to U . This is the U -isotypic component of ResGN V .
We claim that for g ∈ G,

gV [U ] = V [gU ].

Indeed, if u ∈ U and n ∈ N , then
n(gu) = g(g−1ng)u.

Thus the N -module generated by gu is the conjugate of the N -module generated by u.
Now consider the direct sum of all isotypic components in the G-orbit of W :

X =
⊕

g∈G/GW

V [gW ].

The previous paragraph shows that X is stable under the action of G. It is nonzero because W appears in V .
Since V is irreducible as a G-module, we must have X = V .

30



Finally, the map v 7→ gv gives a vector space isomorphism from V [W ] to V [gW ]. Hence all these isotypic
components contain the same number e of copies of the corresponding irreducible N -module. Therefore

ResGN V ∼= e

r⊕
i=1

giW.

Taking dimensions gives
dimV = e[G : GW ] dimW.

Corollary 7.1. Let χ be the character of V and let ψ be the character of W . Under the assumptions of the
previous proposition,

χ|N = e

r∑
i=1

giψ.

In other words,

χ(n) = e

r∑
i=1

ψ(g−1
i ngi), n ∈ N.

Proof. Characters add under direct sums, so this follows directly from the previous proposition.

Proposition 7.2. Let N be a normal subgroup of G, and let W be an irreducible representation of N . Then
IndGN W is irreducible if and only if GW = N. Equivalently, IndGN W is irreducible if and only if gW ̸∼= W for
every g /∈ N .

Proof. This is the normal-subgroup corollary of Mackey’s irreducibility criterion from the previous chapter.
Since N is normal, for every g ∈ G we have gNg−1 = N and N ∩ gNg−1 = N. Therefore Mackey’s criterion
becomes

HomN (W, gW ) = 0

for every g /∈ N . By Schur’s lemma, this is equivalent to gW ̸∼=W for every g /∈ N , i.e. GW = N .

Proposition 7.3. Let N be a normal subgroup of G, let W be an irreducible representation of N , and let V be
an irreducible representation of G. Then the multiplicity of V in IndGN W is equal to the multiplicity of W in
ResGN V : 〈

χIndG
N W , χV

〉
G
= ⟨χW , χV |N ⟩N .

In particular, if W appears in ResGN V with multiplicity e, then V appears in IndGN W with multiplicity e.

Proof. This is Frobenius reciprocity applied to the subgroup N ⊂ G.

This proposition is often useful in practice. Instead of constructing all irreducible representations of G directly,
one first studies the usually simpler irreducible representations of a normal subgroup N , then induces them up
to G.

Corollary 7.2. Let N be a normal subgroup of G, and let W be an irreducible representation of N . If GW = N ,
then IndGN W is an irreducible representation of G of degree [G : N ] dimW.

Proof. The irreducibility follows from the previous proposition. The dimension formula follows from the general
formula

dim IndGN W = [G : N ] dimW.

The following theorem is a standard application of the same ideas. It is very useful as a quick check on possible
character tables.

Theorem 7.1 (Ito’s theorem). Let A be an abelian normal subgroup of G. Then the degree of every irreducible
representation of G divides [G : A].
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Proof. We give the main idea, since the full proof naturally uses projective representations. Let V be an
irreducible representation of G. Since A is abelian, every irreducible representation of A is one-dimensional.
Choose a character λ : A→ C× that appears in ResGA V , and let

Gλ = {g ∈ G : gλ = λ}

be its inertia group. By the first proposition of this section,

dimV = e[G : Gλ]

for some positive integer e. The λ-isotypic component of V carries an irreducible projective representation of
the quotient Gλ/A, and e is its degree. The projective version of the divisibility theorem proved in Chapter 5
says that e divides |Gλ/A| = [Gλ : A]. Therefore dimV = e[G : Gλ] divides [Gλ : A][G : Gλ] = [G : A].

Exercise 7.1. Prove Ito’s theorem in the special case where the character λ of A extends to an ordinary one-
dimensional representation of Gλ. This special case is enough for the semidirect products considered in the next
section.

Example 7.1. Let D4 = ⟨r, s : r4 = e, s2 = e, srs−1 = r−1⟩. The subgroup A = ⟨r⟩ ∼= C4 is abelian and
normal. Its irreducible characters are

λm(r) = exp

(
2πim

4

)
, m = 0, 1, 2, 3.

Conjugation by s sends λm to λ−m. Hence the orbits are

{λ0}, {λ2}, {λ1, λ3}.

For λ1, the inertia group is exactly A. Therefore IndD4

A λ1 is irreducible of degree [D4 : A] = 2. Its character is

χ(e) = 2, χ(r2) = −2, χ(r) = χ(r3) = 0,

and it vanishes on the reflections. This is the two-dimensional irreducible representation in the character table
of D4.

Exercise 7.2. Continue the previous example. Show that λ0 and λ2 each extend to two one-dimensional
representations of D4. Deduce the four one-dimensional irreducible representations of D4.

7.2 Semidirect products by an abelian group

We now study a class of groups that occurs constantly in physics. Let A be an abelian normal subgroup and
let H be a subgroup acting on A by automorphisms. Suppose G = A ⋊ H. Thus every element of G can be
written uniquely as ah, where a ∈ A and h ∈ H. The multiplication is determined by the action of H on A:

(a1h1)(a2h2) = a1(h1a2h
−1
1 )h1h2.

Definition 7.3. The dual group of A is Â = Hom(A,C×). The elements of Â are the irreducible characters of
A.

Since A is abelian, all irreducible representations of A are one-dimensional, so Â is the full set of irreducible
representations of A. The group H acts on Â by

(hλ)(a) = λ(h−1ah), h ∈ H, λ ∈ Â, a ∈ A.

Definition 7.4. For λ ∈ Â, the little group, or stabilizer, of λ in H is

Hλ = {h ∈ H : hλ = λ}.

Equivalently,
λ(h−1ah) = λ(a), a ∈ A, h ∈ Hλ.

The subgroup of G associated with λ is Gλ = A ⋊Hλ. The character λ extends from A to a one-dimensional
representation of Gλ by making Hλ act trivially.

Proposition 7.4. Define λ̃ : Gλ → C× by λ̃(ah) = λ(a), a ∈ A, h ∈ Hλ. Then λ̃ is a one-dimensional
representation of Gλ.
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Proof. Let a1, a2 ∈ A and h1, h2 ∈ Hλ. Then (a1h1)(a2h2) = a1(h1a2h
−1
1 )h1h2. Since h1 ∈ Hλ, λ(h1a2h

−1
1 ) =

λ(a2). Therefore

λ̃((a1h1)(a2h2)) = λ(a1)λ(a2) = λ̃(a1h1)λ̃(a2h2).

Now let σ be an irreducible representation of Hλ. We also view σ as a representation of Gλ = A⋊Hλ by letting
A act trivially: σ(ah) = σ(h). Then λ̃⊗ σ is an irreducible representation of Gλ.

Theorem 7.2 (Little group construction for A ⋊ H). Let G = A ⋊ H, where A is finite abelian. For each

H-orbit in Â, choose one representative λ. For each irreducible representation σ of Hλ, define

Vλ,σ = IndA⋊H
A⋊Hλ

(λ̃⊗ σ).

Then:

1. Vλ,σ is irreducible.

2. Every irreducible representation of G is isomorphic to one of the Vλ,σ.

3. Vλ,σ ∼= Vλ′,σ′ if and only if λ′ lies in the H-orbit of λ and σ′ is the corresponding conjugate representation
of the corresponding little group.

Moreover,
dimVλ,σ = [H : Hλ] dimσ.

Proof. First we prove irreducibility. Put K = A⋊Hλ and W = λ̃⊗σ. By Mackey’s irreducibility criterion, it is
enough to show that for every x /∈ K, the representations W and xW have no common irreducible component
after restriction to K ∩ xKx−1.
Every double coset of K in G has a representative in H, so take x ∈ H. If x /∈ Hλ, then xλ ̸= λ. The subgroup
K∩xKx−1 contains A, and on A the representationW has character λ, while xW has character xλ. Since these
characters of A are different, the two restricted representations cannot have a common irreducible component.
Thus Mackey’s criterion implies that Vλ,σ is irreducible.
Now let V be an irreducible representation of G. Restrict V to A. Since A is abelian, we can decompose V into
A-weight spaces:

V =
⊕
µ∈Â

Vµ, Vµ = {v ∈ V : av = µ(a)v, ∀a ∈ A}.

Only finitely many Vµ are nonzero. Choose λ with Vλ ̸= 0. Since A is normal, the action of H sends Vµ to Vhµ.
Since V is irreducible as a G-module, the nonzero weights form a single H-orbit.
The space Vλ is stable under Hλ, hence under A⋊Hλ. On A, it transforms by the scalar character λ. Thus as
a representation of A⋊Hλ, Vλ ∼= λ̃⊗ σ for some representation σ of Hλ. If σ were reducible, then the sum of
the G-translates of a proper Hλ-subrepresentation of Vλ would be a proper nonzero G-subrepresentation of V .
Hence σ is irreducible.
The natural map

IndGA⋊Hλ
Vλ → V, x⊗ v 7→ xv,

is a nonzero G-homomorphism. The source is irreducible by the first part, and the target is irreducible by
assumption, so the map is an isomorphism. This proves that every irreducible representation arises in the
stated way.
The statement about isomorphism classes follows from the fact that changing λ within its H-orbit only changes
the choice of the weight space used to start the construction. The dimension formula follows from the general
dimension formula for induction:

dimVλ,σ = [G : A⋊Hλ] dim(λ̃⊗ σ) = [H : Hλ] dimσ.

Corollary 7.3. As a representation of A, we have

ResGA Vλ,σ
∼= (dimσ)

⊕
µ∈Hλ

µ.

Therefore, for a ∈ A,

χλ,σ(a) = (dimσ)
∑

µ∈Hλ

µ(a).
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Proof. The induced representation has one copy of the space of σ over each coset in H/Hλ. These cosets are
naturally identified with the orbit Hλ. On the coset corresponding to hλ, the subgroup A acts by the character
hλ. Hence each weight in the orbit appears with multiplicity dimσ.

Example 7.2 (The dihedral group). Let Dn = Cn ⋊ C2, where Cn = ⟨r⟩ and the nontrivial element s ∈ C2

acts by srs−1 = r−1. The characters of Cn are

λm(r) = exp

(
2πim

n

)
, m = 0, 1, . . . , n− 1.

The action of s sends λm to λ−m. Thus most orbits have two elements: {λm, λ−m}. For such an orbit,
Hλm

= {e}, and the little group construction gives a two-dimensional irreducible representation IndDn

Cn
λm. If

m = 0, and also if n is even and m = n/2, the character λm is fixed by C2. These fixed characters produce
one-dimensional representations after choosing an irreducible representation of the stabilizer C2.

Exercise 7.3. Use the previous example with n = 4 to recover all five irreducible representations of D4 and
compare the answer with the character table in Section 3.6.

Exercise 7.4. Let G = A ⋊ H with A abelian. Prove directly from the little group construction that every
irreducible degree of G divides |H| = [G : A].

Exercise 7.5. Let A be the finite translation group of a one-dimensional periodic chain with N sites, so A ∼= CN .
Let H = C2 act by inversion. Describe the H-orbits in Â and identify which momenta have nontrivial little
group.
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8 Applications in solid state physics

In the first seven chapters we mainly worked with finite groups. Crystals force one new ingredient: the translation
group of an infinite crystal is infinite. We will therefore use one standard result from harmonic analysis, namely
Pontryagin duality for locally compact abelian groups, as an input. We will not prove this result here. The rest
of the chapter returns quickly to finite groups: point groups, little co-groups, finite magnetic point groups, and
finite symmetry groups of mechanical frameworks.

8.1 Translation group and the Brillouin zone

Let L be a Bravais lattice in Rd:
L = Za1 ⊕ · · · ⊕ Zad,

where a1, . . . , ad are linearly independent primitive lattice vectors. For R ∈ L, let tR denote translation by R.
The translation group is

T = {tR : R ∈ L} ∼= L ∼= Zd,

with multiplication
tRtR′ = tR+R′ .

Thus T is an infinite discrete abelian group. This is the first essential new feature, compared with the finite
groups of the previous chapters. In a finite group the regular representation decomposes as a finite direct sum
of irreducible representations. For the infinite translation group of a crystal, the analogous decomposition is a
Fourier decomposition over a compact continuum of characters.

Definition 8.1. The reciprocal lattice is

L∗ = {K ∈ Rd : eiK·R = 1, ∀R ∈ L}.

Equivalently, if b1, . . . , bd is the reciprocal basis defined by

ai · bj = 2πδij ,

then L∗ = Zb1 ⊕ · · · ⊕ Zbd.

The factor 2π is a convention from physics. It is chosen so that the plane wave eik·x is unchanged under
x 7→ x+R precisely when k ∈ L∗.

Theorem 8.1 (Coordinate description of the reciprocal lattice). Let K ∈ Rd. Write

K = α1b1 + · · ·+ αdbd.

Then K ∈ L∗ if and only if α1, . . . , αd ∈ Z. Consequently

L∗ = Zb1 ⊕ · · · ⊕ Zbd.

Proof. If R = n1a1 + · · ·+ ndad, then

K ·R =

 d∑
j=1

αjbj

 ·

(
d∑

i=1

niai

)
= 2π

d∑
j=1

αjnj .

If every αj is an integer, then K ·R is an integer multiple of 2π, and hence eiK·R = 1 for all R ∈ L. Conversely,
if eiK·R = 1 for all R ∈ L, then in particular eiK·aj = 1 for every j. But K · aj = 2παj , so αj ∈ Z. Thus K is
an integral linear combination of b1, . . . , bd.

Theorem 8.2 (Characters of the translation lattice). Let L ∼= Zd be regarded as a discrete locally compact
abelian group. Its Pontryagin dual is

L̂ = Hom(L,U(1)) ∼= (U(1))d.

After choosing an embedding L ⊂ Rd, this dual group can be identified with the quotient torus L̂ ∼= Rd/L∗.
Explicitly, every character of L is of the form

χk(R) = e−ik·R, k ∈ Rd/L∗.

This is the lattice case of Pontryagin duality for locally compact abelian groups [16, 11].
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Proof. Because L is discrete, every homomorphism L → U(1) is continuous. A character χ : L → U(1) is
determined by its values on the basis vectors a1, . . . , ad. Write χ(aj) = e−iθj , θj ∈ R/2πZ. Then for R =
n1a1 + · · ·+ ndad we have

χ(R) =

d∏
j=1

χ(aj)
nj = e−i(n1θ1+···+ndθd).

Now set k = θ1
2π b1 + · · ·+ θd

2π bd. Since k · aj = θj , this gives χ(R) = e−ik·R. Changing θj by 2πmj changes k by

m1b1 + · · ·+mdbd ∈ L∗.

Thus k is well defined only modulo L∗, and the character depends only on the class of k in Rd/L∗. This proves

L̂ ∼= Rd/L∗.

In terms of translations, we write the same character as χk(tR) = e−ik·R. The sign convention is chosen so that
the translation operator acts on wavefunctions by

(tRψ)(x) = ψ(x−R).

Then the plane wave ψk(x) = eik·x satisfies

(tRψk)(x) = ψk(x−R) = eik·(x−R) = e−ik·Rψk(x).

Thus eik·x has translation character χk.

Theorem 8.3 (Irreducible translation representations). Every finite dimensional irreducible unitary represen-
tation of L over C is one-dimensional and is given by a character

R 7−→ e−ik·R, k ∈ Rd/L∗.

Proof. Let ρ : L → U(V ) be a finite dimensional irreducible unitary representation. Since L is abelian, every
operator ρ(R) commutes with every ρ(R′). Therefore each ρ(R) is an intertwiner of the representation ρ with
itself. By Schur’s lemma, each ρ(R) must be a scalar operator:

ρ(R) = χ(R) idV .

The map R 7→ χ(R) is a group homomorphism from L to U(1), hence a character. If dimV > 1, then every
one-dimensional subspace of V would be invariant, contradicting irreducibility. Therefore dimV = 1, and the
previous theorem gives χ(R) = e−ik·R for a unique k ∈ Rd/L∗.

If one forgets unitarity and studies arbitrary finite dimensional complex representations of Zd, irreducibility still
forces the representation to be one-dimensional. Indeed, the commuting generators have a common eigenvector
over C, and the span of this eigenvector is invariant under all generators. In solid state physics the translation
operators are unitary, so the relevant eigenvalues lie in U(1) and are exactly the Pontryagin characters above.

Definition 8.2. The Brillouin zone, in the representation-theoretic sense, is the compact abelian group L̂ ∼=
Rd/L∗. A point of this torus is called a crystal momentum or quasimomentum.

This definition is slightly more intrinsic than the usual picture in physics. The quotient Rd/L∗ is a torus, not
a particular subset of Rd. In computations one chooses a fundamental domain for the action of L∗ on Rd and
also calls that domain a Brillouin zone. A common choice is the first Brillouin zone, the Wigner–Seitz cell of
the reciprocal lattice:

B1 = {k ∈ Rd : |k| ≤ |k −K| for all K ∈ L∗}.
The interior of B1 gives one representative for each generic class in Rd/L∗, while boundary points must be
identified according to the reciprocal lattice. Thus k and k + K, with K ∈ L∗, label the same translation
character:

e−i(k+K)·R = e−ik·Re−iK·R = e−ik·R.

Exercise 8.1. Show directly that χk = χk′ as characters of L if and only if k − k′ ∈ L∗.

The important point is that crystal momentum is not introduced by imposing periodic boundary conditions. It
is the Pontryagin-dual variable of the infinite translation group L ∼= Zd. Periodic boundary conditions give a
finite approximation to this picture, but they are not its origin.
Finite periodic approximations. If one replaces L by the finite quotient L/NL ∼= (Z/NZ)d, then the dual
group becomes a finite subgroup of the Brillouin torus:

L̂/NL ∼=
(1/N)L∗

L∗ .
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In coordinates, the allowed momenta are

k =
m1

N
b1 + · · ·+ md

N
bd mod L∗, mj ∈ {0, 1, . . . , N − 1}.

Thus periodic boundary conditions replace the Brillouin torus by a finite grid. As N → ∞, this grid becomes
dense in Rd/L∗.

Definition 8.3. Let W be the finite dimensional internal Hilbert space inside one unit cell. For example, W
may contain orbital, sublattice, and spin degrees of freedom. A tight-binding Hilbert space for an infinite crystal
has the form

H = ℓ2(L)⊗W.

Equivalently, an element of H is a square-summable W -valued function

ψ : L→W,
∑
R∈L

∥ψ(R)∥2 <∞.

The translation action is tS(|R⟩ ⊗ w) = |R+ S⟩ ⊗ w. In function notation this is (tSψ)(R) = ψ(R− S).

Theorem 8.4 (Bloch–Fourier decomposition). Let dµ(k) be the normalized Haar measure on the compact torus

L̂ ∼= Rd/L∗. For finitely supported ψ : L→W , define

(Fψ)(k) =
∑
R∈L

e−ik·Rψ(R).

Then F extends uniquely to a unitary operator

F : ℓ2(L)⊗W −→ L2(L̂, dµ)⊗W.

Under this transform, translations are diagonal: (FtSF−1f)(k) = e−ik·Sf(k). Equivalently,

H ∼=
∫ ⊕

L̂

Hk dµ(k), Hk
∼=W.

This is the Bloch–Fourier decomposition of the tight-binding Hilbert space. It is the Plancherel theorem for the
discrete abelian group L, tensored with the finite dimensional space W [16, 11].

Proof sketch. For finitely supported functions, compute

(FtSψ)(k) =
∑
R∈L

e−ik·Rψ(R− S).

Set R′ = R− S. Then
(FtSψ)(k) =

∑
R′∈L

e−ik·(R′+S)ψ(R′) = e−ik·S(Fψ)(k).

The unitarity follows from the character orthogonality relation∫
L̂

eik·(R−R′) dµ(k) = δR,R′ .

Indeed, ∫
L̂

∥(Fψ)(k)∥2 dµ(k) =
∑
R∈L

∥ψ(R)∥2

for finitely supported ψ, and completion gives the result for all ψ ∈ ℓ2(L)⊗W . □
The direct-integral notation means that a general state is a square-integrable family of fiber vectors:

k 7−→ f(k) ∈W.

A state with a perfectly sharp value of k is usually not an element of ℓ2(L) ⊗W . Rather, it is a generalized
eigenstate of the translation operators. Formally, for w ∈W one writes

|k,w⟩ =
∑
R∈L

eik·R|R⟩ ⊗ w.

Then tS |k,w⟩ = e−ik·S |k,w⟩. The sum is not square-summable, so |k,w⟩ is analogous to a plane wave in ordinary
Fourier analysis. Normalizable states are wave packets, namely L2-families over the Brillouin torus.
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Theorem 8.5 (Translation-invariant tight-binding Hamiltonians). Let H be a bounded operator on H = ℓ2(L)⊗
W such that HtR = tRH, for all R ∈ L. Then, after the Bloch–Fourier transform, H acts fiberwise:

FHF−1 =

∫ ⊕

L̂

H(k) dµ(k),

where H(k) is an essentially bounded measurable family of operators on W .
More concretely, suppose H is given by finite-range, or absolutely summable, hopping matrices AS ∈ End(W ):

H(|R⟩ ⊗ w) =
∑
S∈L

|R+ S⟩ ⊗ASw.

Then H(k) =
∑

S∈L e
−ik·SAS . If H is self-adjoint, then A−S = A∗

S and therefore each H(k) is Hermitian.

Proof sketch. Translation invariance implies that the hopping matrix from cell R to cell R+S is independent of
R. Therefore the operator is a convolution operator on the lattice, with matrix-valued convolution coefficients
AS . Applying the Fourier transform converts convolution into multiplication:

F

(∑
S∈L

ASψ( · − S )

)
(k) =

(∑
S∈L

e−ik·SAS

)
(Fψ)(k).

Thus the infinite-dimensional operator H decomposes into a family of finite dimensional operators H(k), one
for each k in the Brillouin zone. □
The eigenvalues of H(k) are the energy bands: E1(k), . . . , EdimW (k), counted with multiplicity. Thus the
representation-theoretic decomposition of the translation group is the reason that an infinite periodic Hamilto-
nian is studied through finite dimensional matrices parametrized by k.
For continuum Schrödinger operators, such as

H = −∆+ V (x), V (x+R) = V (x) for all R ∈ L,

the same idea leads to the Bloch–Floquet decomposition. The fibers are now infinite dimensional spaces of
functions on one unit cell with k-quasiperiodic boundary conditions. Generalized eigenfunctions have the Bloch
form

ψn,k(x) = eik·xun,k(x), un,k(x+R) = un,k(x).

A fully rigorous treatment of this analytic decomposition is usually taken as part of Bloch–Floquet theory; see
the classical work of Floquet and Bloch, and modern mathematical treatments such as Kuchment’s monograph
[10, 5, 13].

Example 8.1 (One-dimensional tight-binding chain). Let L = aZ,W = C. Then L∗ = 2π
a Z, and the Brillouin

zone is the circle

L̂ ∼= R/
2π

a
Z.

A common fundamental domain is −π
a < k ≤ π

a . Let |n⟩ denote the basis vector at the lattice point na. Consider
the nearest-neighbor Hamiltonian

H = ϵ
∑
n∈Z

|n⟩⟨n| − t
∑
n∈Z

(|n+ 1⟩⟨n|+ |n⟩⟨n+ 1|) .

The nonzero hopping coefficients are A0 = ϵ, Aa = −t, A−a = −t. Therefore

H(k) = ϵ− te−ika − teika = ϵ− 2t cos(ka).

Since W = C, each fiber Hamiltonian is multiplication by a scalar, and the single band is

E(k) = ϵ− 2t cos(ka).

The equality E
(
k + 2π

a

)
= E(k) reflects the fact that k is defined only modulo the reciprocal lattice.

Where finite groups re-enter. Although the translation group is infinite, the remaining symmetry at a fixed
crystal momentum is finite. Let P be a point group preserving the lattice:gL = L(g ∈ P ). Then g also preserves
the reciprocal lattice: gL∗ = L∗. Hence P acts on the Brillouin torus by g · [k] = [gk]. The stabilizer of k is

Pk = {g ∈ P : gk ≡ k (mod L∗)}.

This finite group is the little co-group at k. Thus the infinite translation group first decomposes the Hilbert
space into fibers labelled by k, and then finite group representation theory applies inside each high-symmetry
fiber.
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Exercise 8.2. Let P be a point group preserving L. Show that gL∗ = L∗ for every g ∈ P .

Exercise 8.3. For L = Za1 ⊕ · · ·⊕Zad, compute explicitly the dual of the finite quotient L/NL, and show that
it is

(1/N)L∗

L∗ .

Exercise 8.4. For the one-dimensional chain above, impose periodic boundary conditions with N unit cells.
Show that the allowed momenta are

km =
2πm

Na
, m = 0, 1, . . . , N − 1,

modulo 2π/a, and that the finite-dimensional Hamiltonian diagonalizes as

E(km) = ϵ− 2t cos(kma).

8.2 Space group and irreducible Brillouin zone

Translations are only part of the symmetry of a crystal. A full crystal symmetry may also contain rotations,
reflections, inversions, screw rotations, and glide reflections. The natural group containing all of these operations
is the Euclidean group. We write its elements in Seitz notation.

Definition 8.4. An element of the Euclidean group is written as {p|τ}, where p ∈ O(d) and τ ∈ Rd. It acts on
real space by x 7−→ px+ τ. The multiplication rule is

{p|τ}{q|µ} = {pq|τ + pµ}.

The inverse is
{p|τ}−1 = {p−1| − p−1τ}.

Proof. The product formula follows by applying the two affine transformations successively:

x 7→ qx+ µ 7→ p(qx+ µ) + τ = pqx+ (τ + pµ).

Thus
{p|τ}{q|µ} = {pq|τ + pµ}.

For the inverse, we need an element {r|ν} such that

{p|τ}{r|ν} = {1|0}.

The product rule gives
{p|τ}{r|ν} = {pr|τ + pν}.

Thus r = p−1 and τ + pν = 0, so ν = −p−1τ . Therefore

{p|τ}−1 = {p−1| − p−1τ}.

The case p = 1 gives a pure translation:
{1|R} : x 7→ x+R.

As before, we write tR = {1|R}. Then tRtR′ = tR+R′ .

Definition 8.5. A space group G is a discrete subgroup of the Euclidean group whose subgroup of pure trans-
lations

T = G ∩ {{1|R} : R ∈ Rd}

is a Bravais lattice. We identify T with the lattice L by writing

{1|R} = tR, R ∈ L.

Thus T ∼= L ∼= Zd.

The discreteness condition expresses the fact that the crystal has no continuous translational or rotational
symmetries. The assumption that T is a Bravais lattice says that sufficiently far translations are generated by
d primitive lattice vectors. In physical dimensions d = 2, 3, this is the usual crystallographic setting.

39



Proposition 8.1. The translation subgroup T is a normal subgroup of G. More precisely, if g = {p|τ} ∈ G and
R ∈ L, then gtRg

−1 = tpR. In particular, pL = L.

Proof. Using the multiplication rule and the inverse formula, we compute

{p|τ}{1|R}{p|τ}−1 = {p|τ}{1|R}{p−1| − p−1τ}.

First, {p|τ}{1|R} = {p|τ + pR}. Then

{p|τ + pR}{p−1| − p−1τ} = {1|τ + pR+ p(−p−1τ)} = {1|pR}.

Thus gtRg
−1 = tpR. Since g, tR, g

−1 ∈ G, the element tpR also belongs to G. Hence pR ∈ L. Applying the same
argument to g−1 gives p−1L ⊂ L, or equivalently L ⊂ pL. Therefore pL = L.

Definition 8.6. The point homomorphism is the map

π : G −→ O(d), π({p|τ}) = p.

The point group of G is P = π(G) ⊂ O(d).

The kernel of π consists exactly of the pure translations in G: kerπ = T. Therefore the point group is the
quotient P ∼= G/T. This quotient forgets where the symmetry operation translates the point and remembers
only its orthogonal part.

Theorem 8.6 (Finiteness of the point group). The point group P of a space group is finite.

Proof. By the previous proposition, every p ∈ P satisfies pL = L. Choose a lattice basis L = Za1 ⊕ · · · ⊕ Zad.
With respect to this basis, p is represented by a matrix Ap ∈ GL(d,Z). Indeed, pL = L means that each paj is
an integral linear combination of the basis vectors a1, . . . , ad, and invertibility over Z follows from p−1L = L.
Let G = (ai · aj)i,j be the Gram matrix of the lattice basis. Since p ∈ O(d), it preserves the Euclidean inner
product. Therefore

(pai) · (paj) = ai · aj .

In matrix form this says AT
pGAp = G. Because G is positive definite, the columns of Ap have bounded G-

length. But each column is an integer vector. There are only finitely many integer vectors with bounded
G-length. Hence there are only finitely many possible matrices Ap, and therefore only finitely many possible
elements p ∈ P .

Thus every space group fits into a short exact sequence

1 −→ T −→ G π−→ P −→ 1,

where T ∼= Zd is infinite and abelian, while P is finite. This exact sequence is one of the main reasons why
space-group representation theory combines Fourier analysis for translations with finite-group representation
theory for point symmetries.

Definition 8.7. A space group is called symmorphic if the exact sequence

1 −→ T −→ G −→ P −→ 1

splits. Equivalently, G is symmorphic if there exists a group homomorphism s : P −→ G such that π ◦ s = idP .
If no such splitting exists, the space group is called nonsymmorphic.

Proposition 8.2. If G is symmorphic, then G ∼= L⋊P. In this case every element of G can be written uniquely
as tRs(p), R ∈ L, p ∈ P, and the multiplication law is (R, p)(R′, p′) = (R+ pR′, pp′).

Proof. Suppose the exact sequence splits, and let s : P → G be a splitting. If g ∈ G and π(g) = p, then
π(g s(p)−1) = 1. Hence g s(p)−1 ∈ T. Therefore there is some R ∈ L such that g = tRs(p). This expression is
unique because if tRs(p) = tR′s(p′), then applying π gives p = p′, and hence tR = tR′ . The product of two such
elements is

tRs(p)tR′s(p′) = tR
(
s(p)tR′s(p)−1

)
s(p)s(p′).

Since s(p) has point part p, the conjugation formula gives s(p)tR′s(p)−1 = tpR′ . Also, s is a homomorphism, so
s(p)s(p′) = s(pp′). Thus

tRs(p)tR′s(p′) = tRtpR′s(pp′) = tR+pR′s(pp′).

This is exactly the semidirect product law (R, p)(R′, p′) = (R+ pR′, pp′).

40



In a nonsymmorphic space group, some point operations can only be realized together with fractional transla-
tions. The standard examples are screw rotations and glide reflections. A screw rotation is a rotation followed
by a fractional translation along the rotation axis. A glide reflection is a reflection followed by a fractional
translation parallel to the mirror plane. These fractional translations cannot all be removed by changing the
origin.
The classical structural results for crystallographic groups are the Bieberbach theorems. We will not use their
full strength here, but they justify the general viewpoint that a crystallographic group is an extension of a
lattice translation group by a finite point group [2, 3].

Definition 8.8. The point group acts on reciprocal space by k 7−→ pk, where pk is defined by the pairing rule

(pk) ·R = k · p−1R (R ∈ L).

Since p ∈ O(d), this is the usual orthogonal action on vectors, but the pairing formula is the most invariant way
to write it.

Proposition 8.3. If pL = L, then pL∗ = L∗. Consequently, the point group acts on the Brillouin torus Rd/L∗.

Proof. Let K ∈ L∗. We must show that pK ∈ L∗. For any R ∈ L, we have p−1R ∈ L because pL = L.
Therefore

ei(pK)·R = eiK·p−1R = 1.

Thus pK ∈ L∗. Hence pL∗ ⊂ L∗. Applying the same argument to p−1 gives p−1L∗ ⊂ L∗, which is equivalent
to L∗ ⊂ pL∗. Therefore pL∗ = L∗. It follows that if k and k +K represent the same point of Rd/L∗, then

pk and p(k +K) = pk + pK

also represent the same point. Hence the action descends to the quotient torus.

Thus the point group does not merely act on real space; it also acts on the Brillouin zone. This action is
the reason why band diagrams have symmetry-related momenta and why one can reduce computations to an
irreducible Brillouin zone.

Proposition 8.4. Let g = {p|τ} ∈ G. Then gtRg
−1 = tpR. Consequently, if a generalized Bloch state has

translation character χk(R) = e−ik·R, then g sends it to a generalized Bloch state with translation character
χpk(R) = e−i(pk)·R.

Proof. The conjugation identity gtRg
−1 = tpR was proved above. Let ψ be a generalized Bloch state with

character χk, so that tRψ = e−ik·Rψ. Then tR(gψ) = g(g−1tRg)ψ. Since g
−1tRg = tp−1R, we obtain

tR(gψ) = g tp−1Rψ = e−ik·p−1Rgψ.

By definition of the point-group action on k,

k · p−1R = (pk) ·R.

Therefore tR(gψ) = e−i(pk)·Rgψ. Thus gψ has translation character χpk.

In operator language, if Hk denotes the Bloch fiber at crystal momentum k, then an element g = {p|τ} maps
Hk −→ Hpk. The translational part τ does not change the momentum label. It contributes a phase and may
act nontrivially on internal degrees of freedom, but the momentum label is transformed only by the point part
p.
For scalar continuum wavefunctions, the action is especially transparent. Let

(Ugψ)(x) = ψ(g−1x) = ψ(p−1(x− τ)).

If ψk(x) = eik·xuk(x), uk(x+R) = uk(x), then

(Ugψk)(x) = eik·p
−1(x−τ)uk(p

−1(x− τ)).

Since k · p−1x = (pk) · x, this becomes

(Ugψk)(x) = e−i(pk)·τei(pk)·xuk(p
−1(x− τ)).

Thus Ugψk is a Bloch function at momentum pk, and the explicit phase coming from the translational part of
g is e−i(pk)·τ .
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Definition 8.9. The star of k is the point-group orbit

Pk = {pk mod L∗ : p ∈ P}.

The little co-group of k is the stabilizer of k in the point group action:

Pk = {p ∈ P : pk = k mod L∗}.

The little group of k inside the space group is

Gk = {{p|τ} ∈ G : pk = k mod L∗}.

The star describes all momenta related to k by point-group symmetry. The little co-group describes the point
symmetries that keep k fixed modulo a reciprocal lattice vector. The little group remembers the full space-group
elements above those point symmetries, including possible fractional translations.

Proposition 8.5. The little group fits into an exact sequence

1 −→ T −→ Gk −→ Pk −→ 1.

In particular, Gk/T ∼= Pk.

Proof. The map π : G → P restricts to a map π : Gk → Pk because if g = {p|τ} ∈ Gk, then by definition pk = k
mod L∗. The kernel of this restricted map consists of elements of Gk with point part 1. These are exactly the
translations T . Finally, if p ∈ Pk, then by definition of P = π(G) there is some {p|τ} ∈ G. Since p ∈ Pk, this
element lies in Gk. Hence the restricted map is onto Pk. Therefore 1 → T → Gk → Pk → 1 is exact.

A generic point k in the Brillouin zone usually has trivial little co-group. Special points, lines, and planes can
have nontrivial little co-groups. These are the high-symmetry points, high-symmetry lines, and high-symmetry
planes familiar from band-structure plots.
If g ∈ Gk, then g preserves the Bloch fiber Hk. Therefore states at k can be decomposed into irreducible
representations of the little group Gk. Since the translation subgroup T acts on Hk by the scalar character tR 7→
e−ik·R, one often describes the relevant labels as irreducible representations of the little co-group Pk, possibly
with additional phase factors coming from fractional translations. These are often called small representations.

Definition 8.10. A small representation at k is a representation

ρ : Gk → GL(V )

such that every translation acts by the Bloch character:

ρ(tR) = e−ik·R idV (R ∈ L).

The condition above means that the representation has already fixed its translation character. The remaining
nontrivial information is how the little group acts inside the Bloch fiber.

Theorem 8.7 (Little-group method for space groups). Irreducible space-group representations with translation
character in the star of k are obtained by inducing small representations of Gk to the full space group G.
Conversely, the irreducible representations relevant to a given star arise in this way, up to the usual equivalence
relations. This is the space-group version of Wigner’s little-group method and Mackey’s theory of induced
representations [18, 15, 6].

We will use this theorem as a structural guide rather than prove it here. Its content is exactly what the physics
picture suggests: first fix a translation character k, then classify the remaining symmetry action using the little
group at k, and finally generate the whole star by applying the space group.

Definition 8.11. An irreducible Brillouin zone is a choice of representatives for the orbits of the point group
P acting on Rd/L∗. Equivalently, it is a fundamental domain for the action of P on the Brillouin torus.

The irreducible Brillouin zone is not unique. Different choices of fundamental domain give different-looking
regions but the same quotient information. Boundary points must be treated carefully because they may be
identified by reciprocal lattice vectors or by point-group operations. These boundary strata are precisely where
little co-groups tend to become larger.

Proposition 8.6. Let H be a Hamiltonian commuting with the full space-group action: UgHU
−1
g = H, (g ∈ G).

Then the Bloch Hamiltonians satisfy H(pk) ∼= H(k), (p ∈ P ). Consequently, the energy bands obey En(pk) =
En(k), with the usual convention that band labels may be permuted at degeneracies.
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Proof. Let g = {p|τ} ∈ G. The operator Ug maps the Bloch fiber Hk to the Bloch fiber Hpk. Since H commutes
with Ug, the following diagram commutes:

Hk
H(k)−−−→ Hk

↓ Ug ↓ Ug

Hpk
H(pk)−−−−→ Hpk.

Therefore H(pk)Ug = UgH(k), or equivalently H(pk) = UgH(k)U−1
g as operators on the corresponding fibers.

Thus H(pk) and H(k) are unitarily equivalent. Their spectra are equal, so En(pk) = En(k) after ordering the
eigenvalues consistently.

This proposition explains why one only needs to compute the band structure on an irreducible Brillouin zone.
The band structure on the rest of the Brillouin zone is generated by applying the point group.

Example 8.2 (Square lattice). Let L = aZex ⊕ aZey. The reciprocal lattice is

L∗ =
2π

a
Zex ⊕ 2π

a
Zey.

A convenient first Brillouin zone is the square

−π
a
≤ kx ≤ π

a
,−π

a
≤ ky ≤ π

a
.

The point group of the square lattice is the dihedral group D4. It is generated by a fourfold rotation C4 :
(kx, ky) 7→ (−ky, kx) and a reflection, for example mx : (kx, ky) 7→ (kx,−ky). A convenient irreducible Brillouin
zone is the triangular region 0 ≤ ky ≤ kx ≤ π

a .
The standard high-symmetry points are

Γ = (0, 0), X =
(π
a
, 0
)
, M =

(π
a
,
π

a

)
.

At Γ, every point-group operation fixes k, so PΓ = D4. At M , every point-group operation also fixes M modulo
reciprocal lattice vectors, so PM = D4. At X, the orbit contains both(π

a
, 0
)

and
(
0,
π

a

)
,

so the stabilizer is smaller. In this case PX
∼= D2.

Thus Bloch states at Γ and M are labeled by irreducible representations of D4, while Bloch states at X are
labeled by irreducible representations of the smaller little co-group D2. Along a generic point of the irreducible
Brillouin zone, the little co-group is trivial. Along high-symmetry lines, the little co-group is usually an order-
two reflection group. This is the same little-group organization used in crystallographic tables of space-group
irreducible representations [6, 1].

For nonsymmorphic space groups, one must keep track of the translational parts of space-group elements.
These translational parts can produce phase factors in Bloch representations, especially at the boundary of the
Brillouin zone.

Definition 8.12. Let p, q ∈ Pk. Choose representatives

s(p) = {p|τp}, s(q) = {q|τq}, s(pq) = {pq|τpq}

inside the little group Gk. Define R(p, q) = τp + pτq − τpq. Then R(p, q) ∈ L and s(p)s(q) = tR(p,q)s(pq).

Proof. By the multiplication rule,

s(p)s(q) = {p|τp}{q|τq} = {pq|τp + pτq}.

On the other hand,
tR(p,q)s(pq) = {1|R(p, q)}{pq|τpq} = {pq|R(p, q) + τpq}.

With
R(p, q) = τp + pτq − τpq,

we get R(p, q)+ τpq = τp + pτq. Hence s(p)s(q) = tR(p,q)s(pq). Since both s(p)s(q) and s(pq) are elements of the
space group with the same point part pq, their quotient is a pure translation in G. Thus R(p, q) ∈ L.
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On the Bloch fiber Hk, the translation tR(p,q) acts by the scalar e−ik·R(p,q). Therefore the matrices assigned to
the little co-group representatives may satisfy

Up(k)Uq(k) = e−ik·R(p,q)Upq(k),

rather than the ordinary multiplication law Up(k)Uq(k) = Upq(k). This is a projective representation of the
little co-group.

Proposition 8.7. The factor ωk(p, q) = e−ik·R(p,q) satisfies the cocycle identity

ωk(p, q)ωk(pq, r) = ωk(q, r)ωk(p, qr)

for p, q, r ∈ Pk, up to the standard equivalence produced by changing the choice of representatives s(p).

Proof. Associativity in G gives
(s(p)s(q))s(r) = s(p)(s(q)s(r)).

Using s(p)s(q) = tR(p,q)s(pq), the left-hand side becomes

tR(p,q)s(pq)s(r) = tR(p,q)tR(pq,r)s(pqr).

The right-hand side becomes s(p)tR(q,r)s(qr). Since s(p)tR(q,r)s(p)
−1 = tpR(q,r), this is

tpR(q,r)s(p)s(qr) = tpR(q,r)tR(p,qr)s(pqr).

Therefore
R(p, q) +R(pq, r) = pR(q, r) +R(p, qr).

Applying the Bloch character R 7→ e−ik·R gives

e−ik·R(p,q)e−ik·R(pq,r) = e−ik·pR(q,r)e−ik·R(p,qr).

Since p ∈ Pk, we have p−1k = k mod L∗. Thus e−ik·pR(q,r) = e−ik·R(q,r). Hence

ωk(p, q)ωk(pq, r) = ωk(q, r)ωk(p, qr).

Changing the representatives s(p) changes R(p, q) by a coboundary, so the projective class of ωk is independent
of the particular section.

At the zone center Γ = 0, all translation phases are trivial: e−i0·R = 1. Thus nonsymmorphic fractional trans-
lations are invisible in this particular factor system at Γ. At the Brillouin-zone boundary, however, phases such
as e−ik·R = −1 can occur. This is one of the main sources of enforced degeneracies and unusual compatibility
relations in nonsymmorphic crystals.

Example 8.3 (Glide reflection). Consider a two-dimensional rectangular lattice with primitive vector aex in
the x-direction. Let g = {my|a2ex}, where my is reflection across the x-axis: my(x, y) = (x,−y). Then

g2 = {my|a2ex}{my|a2ex} = {1|aex} = taex .

Thus on a Bloch fiber, Ug(k)
2 = e−ikxa. At the Brillouin-zone boundary kx = π

a , we get Ug(k)
2 = −1. Hence the

glide eigenvalues are ±i rather than ±1. This phase is a direct representation-theoretic effect of the fractional
translation in the glide reflection.

Example 8.4 (Screw rotation). Let g = {Cn| 1nc}, where Cn is an n-fold rotation about an axis and c is a
lattice translation along that axis. Then gn = tc. On a Bloch fiber, Ug(k)

n = e−ik·c. At momenta satisfying
k · c = π mod 2π, the screw eigenvalues are nth roots of −1 rather than nth roots of 1. Again, the fractional
translation changes the little-group representation at the Brillouin-zone boundary.

Definition 8.13. Let q ∈ Rd be the position of a site in the crystal. The site stabilizer of q is Gq = {g ∈ G :
gq = q}. More generally, the stabilizer of the translation orbit q + L is

G[q] = {g ∈ G : gq = q +R for some R ∈ L}.

The finite point group associated with this site is obtained by passing to the appropriate quotient by translations.

The distinction is useful. The group Gq fixes the chosen physical site exactly, while G[q] preserves the whole
translation orbit of that site. In the construction of localized orbitals, one usually starts with a finite-dimensional
representation of the site stabilizer or its finite point-group quotient.
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Definition 8.14. Let σ be a finite-dimensional representation of the site stabilizer Gq on a vector space V . The

induced representation IndGGq
σ is called a band representation.

Physically, the vector space V describes the internal degrees of freedom of an orbital centered at q: for example,
an s orbital, a triple of p orbitals, or spinful orbitals. Inducing from Gq to G means that one places symmetry-
related copies of this orbital throughout the crystal and lets the full space group act on all of them. This is
exactly the induction construction from finite group representation theory, but now applied to a subgroup of a
space group.
If the orbit of q contains several sites in one unit cell, the induced representation has one copy of V for each
symmetry-related site in the cell. After the Bloch–Fourier transform, this becomes a family of finite-dimensional
Bloch representations over the Brillouin zone. At a high-symmetry momentum k, this family decomposes
according to irreducible representations of the little group Gk.
This point of view is the bridge between local orbital data and momentum-space band labels. Local orbitals
are classified by site-symmetry representations; Bloch states are classified by little-group representations; band
representations connect the two.

Exercise 8.5. Let g = {p|τ} ∈ Gk. For a scalar Bloch function

ψk(x) = eik·xuk(x), uk(x+R) = uk(x),

show directly that
(Ugψk)(x) = e−i(pk)·τei(pk)·xuk(p

−1(x− τ)).

Explain why the translational phase is trivial at k = 0 but may be nontrivial at the Brillouin-zone boundary.

Exercise 8.6. Let P be the point group of a space group with translation lattice L. Prove that pL∗ = L∗ for
every p ∈ P . Conclude that P acts on the Brillouin torus Rd/L∗.

Exercise 8.7. For the square lattice, verify explicitly that

PΓ
∼= D4, PM

∼= D4, PX
∼= D2.

Identify the point-group elements that stabilize X modulo reciprocal lattice vectors.

Exercise 8.8. Let s(p) = {p|τp} be representatives for a little co-group Pk. Prove that R(p, q) = τp + pτq − τpq
belongs to L, and compute the corresponding factor ωk(p, q) = e−ik·R(p,q). Show that at k = 0 the factor system
is trivial.

8.3 Magnetic groups and corepresentations

Ordinary point groups and space groups describe symmetries of positions. Magnetic structures require one
additional operation: time reversal. Classically, time reversal leaves positions unchanged but reverses velocities,
momenta, angular momenta, spins, and magnetic moments. Quantum mechanically, time reversal is represented
not by a unitary operator but by an antiunitary operator. This is the reason ordinary representation theory
must be replaced by Wigner’s corepresentation theory when antiunitary symmetries are present [17, 7, 9, 8].
The basic physical distinction is this. A spatial symmetry acts linearly on wavefunctions, while time reversal
acts antilinearly: it complex conjugates coefficients. Since Bloch phases are complex numbers, this antilinearity
has an immediate consequence in momentum space:

e−ik·R 7−→ e+ik·R.

Thus time reversal sends crystal momentum k to −k, up to reciprocal lattice vectors. This simple sign change
is the source of many familiar band-theoretic facts, including Kramers pairs at time-reversal-invariant momenta
and antiunitary degeneracies in antiferromagnets.

Definition 8.15. Let 1′ be a formal operation of order two, called time reversal in the crystallographic magnetic-
group setting. It satisfies

(1′)2 = 1

and commutes with all spatial operations. If g ∈ E(d) is a Euclidean operation, then we write

g′ = 1′g = g1′

for the same spatial operation followed by time reversal.
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The prime notation is crystallographic. An unprimed operation is a pure spatial operation. A primed operation
is a spatial operation composed with time reversal. The symbol 1′ should be regarded as a classical symmetry
operation. Its quantum representative may square to +1 or to −1, depending on the Hilbert space on which it
acts.

Definition 8.16. A magnetic point group, or more generally a magnetic space group, is a subgroup

M ⊂ E(d)× {1, 1′}.

An element of M has the form

m = ({p|τ}, ϵ), p ∈ O(d), τ ∈ Rd, ϵ ∈ {1, 1′}.

We usually suppress the pair notation and write such an element as

{p|τ} or {p|τ}′.

Since 1′ commutes with the spatial operation, the multiplication law is the same affine multiplication law as
before, together with multiplication of the prime labels:

{p|τ}ϵ{q|µ}δ = {pq|τ + pµ}ϵδ.

Here ϵδ is unprimed if ϵ and δ are both unprimed or both primed, and primed otherwise. Thus the product of
two antiunitary, or primed, operations is unitary.

Definition 8.17. Define the sign homomorphism η :M −→ {+1,−1} by

η(m) =

{
+1, m is unprimed,

−1, m is primed.

The subgroup M0 = ker η is called the unitary subgroup of M .

If M contains no primed elements, then M = M0 is just an ordinary point group or ordinary space group. If
M contains at least one primed element, then M0 has index two in M , and

M =M0 ⊔ aM0

for any fixed antiunitary element a ∈M \M0. The second coset aM0 consists entirely of primed operations.

Definition 8.18. In crystallography, magnetic groups are often divided into four standard types.

Type I: M = G.

Type II: M = G ⊔ 1′G.

Type III: M = H ⊔ 1′(G \H), H ⊂ G of index 2.

Type IV: the antiunitary coset contains translations not in the unitary
translation lattice.

Here G is an ordinary crystallographic point group or space group.

Type I groups describe systems with no time-reversal symmetry. Type II groups are often called grey groups;
they contain time reversal as a separate symmetry and commonly describe paramagnets before magnetic order-
ing. Type III and Type IV groups are black-white, or Shubnikov, groups. They describe magnetic structures
in which some spatial symmetries are lost but reappear when combined with time reversal. Type IV groups
are especially important for antiferromagnets because an operation such as a half-translation followed by time
reversal can be a symmetry even when the half-translation alone is not.
A magnetic moment is an axial vector. If p ∈ O(3) is the orthogonal part of a spatial operation, then a polar
vector transforms as v 7−→ pv, whereas an axial vector transforms as m 7−→ det(p) pm. Time reversal leaves
positions unchanged but reverses magnetic moments: m 7−→ −m. Thus a mirror operation may fail to preserve
a magnetic moment by itself, while the same mirror followed by time reversal may preserve it.

Example 8.5 (A magnetic point group from a ferromagnetic moment). Suppose a system has a magnetic
moment m = m0ẑ and an underlying square geometry with point group C4v. The rotations Cn

4 preserve ẑ, so
they remain ordinary unitary symmetries of the magnetic state.
A vertical mirror has determinant −1. Since the moment is an axial vector, the mirror sends ẑ 7−→ −ẑ.
Therefore the mirror is not a symmetry of the ferromagnetic state by itself. However, the mirror followed by
time reversal sends ẑ 7−→ −ẑ 7−→ ẑ. Thus the magnetic point group has the schematic form

M = C4 ⊔ 1′σvC4.

The unitary subgroup is C4, while the antiunitary coset consists of the vertical mirrors multiplied by time reversal.
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Definition 8.19. Let V be a complex vector space. A map A : V → V is linear if

A(cv + w) = cA(v) +A(w),

and antilinear if
A(cv + w) = c∗A(v) +A(w).

If V is a Hilbert space, a linear map U is unitary if

⟨Uv|Uw⟩ = ⟨v|w⟩.

An antilinear map A is antiunitary if
⟨Av|Aw⟩ = ⟨w|v⟩.

The last formula uses the physicists’ convention that the inner product is linear in the ket and conjugate-linear
in the bra. Antiunitarity is not merely unitarity plus complex conjugation as an afterthought; it changes how
scalars pass through the operator. In particular, A(cv) = c∗A(v).

Proposition 8.8. The product of two linear maps is linear. The product of a linear map and an antilinear
map is antilinear. The product of two antilinear maps is linear.

Proof. Let A and B be antilinear. Then

(AB)(cv) = A(c∗Bv) = cA(Bv),

so AB is linear. If A is linear and B is antilinear, then

(AB)(cv) = A(c∗Bv) = c∗A(Bv),

so AB is antilinear. The other cases are immediate.

Definition 8.20. A strict corepresentation of a magnetic group M on a complex vector space V assigns to every
m ∈ M an operator D(m) such that D(mn) = D(m)D(n). If η(m) = +1, then D(m) is linear. If η(m) = −1,
then D(m) is antilinear. A unitary corepresentation is one in which the linear operators are unitary and the
antilinear operators are antiunitary.

For spinless systems this strict definition is often sufficient. For spinful electrons one usually needs a double or
projective version. The reason is that a 2π rotation is the identity operation in the classical point group, but it
acts as −1 on a spin- 12 wavefunction. Similarly, the classical operation 1′ satisfies (1′)2 = 1, while the quantum
time-reversal operator for a single spin- 12 satisfies Θ2 = −1. Thus spinful electrons are naturally described either
by double magnetic groups or by projective corepresentations.

Definition 8.21. A projective corepresentation allows multiplication up to phase:

D(m)D(n) = ω(m,n)D(mn),

where ω(m,n) ∈ U(1). The function ω is called a factor system. For spinful time reversal, one may encode
Θ2 = −1 by taking

ω(1′, 1′) = −1.

Equivalently, one may enlarge the group to a double magnetic group in which the central element corresponding
to a 2π rotation is represented by −I.

In physics it is common to say simply “corepresentation” even when a double-valued or projective corepresen-
tation is meant. In what follows, the distinction will be stated explicitly when the sign of a square, such as
Θ2 = ±1, matters.

Example 8.6 (The two smallest time-reversal corepresentations). Let M = {e, 1′}. For a spinless one-
dimensional Hilbert space, take D(e) = 1, D(1′) = K, where K is complex conjugation. Then D(1′)2 = K2 = 1.
There is no forced twofold degeneracy.
For a spin- 12 Kramers pair, take V = C2 and D(1′) = iσyK. Since

iσy =

(
0 1
−1 0

)
is real, we get

(iσyK)2 = (iσy)(iσy)
∗ = (iσy)

2 = −I.

This two-dimensional projective corepresentation is the basic algebraic source of Kramers degeneracy.
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Proposition 8.9 (Time reversal for spin s). In the standard Sz-basis, the time-reversal operator for a spin s
degree of freedom may be written as Θs = e−iπSyK. It satisfies Θ2

s = (−1)2s. Thus Θ2
s = +1 for integer spin

and Θ2
s = −1 for half-integer spin.

Proof. In the Sz-basis, the matrix Sy is purely imaginary, so S∗
y = −Sy. Therefore(

e−iπSy
)∗

= e−iπSy .

Hence
Θ2

s = e−iπSyKe−iπSyK = e−iπSy
(
e−iπSy

)∗
= e−i2πSy .

A 2π rotation acts on spin s as multiplication by (−1)2s. Therefore Θ2
s = (−1)2s.

In electronic band theory, the most common case is spin 1
2 , so one usually writes

Θ = iσyK, Θ2 = −1.

If spin-orbit coupling is present, the spin and orbital motion cannot be separated, but the same antiunitary
operator acts on the full internal Hilbert space.

Theorem 8.8 (Wigner corepresentation classification). Let

M =M0 ⊔ aM0

be a finite magnetic group with unitary subgroup M0 and one fixed antiunitary element a. Let ρ be an irreducible
unitary representation of M0. Define the conjugate-twisted representation

ρa(h) = ρ(a−1ha)∗ (h ∈M0).

Then the irreducible corepresentations of M are organized by comparing ρ with ρa. There are three cases:

Case (a): ρa ≃ ρ and the antiunitary extension has square + 1.

Case (b): ρa ≃ ρ and the antiunitary extension has square − 1.

Case (c): ρa ̸≃ ρ.

In case (a), the corepresentation has the same dimension as ρ. In case (b), one obtains a Kramers-type doubling.
In case (c), the antiunitary element pairs two inequivalent unitary representations, and the corepresentation has
dimension 2 dim ρ.
Equivalently, one may use Herring’s criterion. Let χρ be the character of ρ. Since B2 ∈M0 for every antiunitary
element B ∈M \M0, the sum

H(ρ) =
∑

B∈M\M0

χρ(B
2)

is defined using only the ordinary character of M0. The three cases are distinguished by

H(ρ) =


+|M0|, case (a),

−|M0|, case (b),

0, case (c).

For projective or double-valued representations, the same idea holds with the appropriate factor system included.
This classification is a standard result of Wigner’s corepresentation theory and its application to magnetic groups
[17, 7, 8].

For band theory, the most important lesson of Wigner’s theorem is physical rather than formal. Antiunitary
symmetries can do two different things. They may leave an ordinary irreducible representation invariant, in
which case one must ask whether the antiunitary square is +1 or −1. Or they may send one representation to a
distinct conjugate partner. The second possibility is why antiunitary symmetries often relate states at different
momenta, such as k and −k.
We now pass from finite magnetic point groups to magnetic space groups. For a magnetic space group, the
translation group relevant for Bloch decomposition is the unitary translation subgroup. We write

T0 =M0 ∩ {pure translations} = {tR : R ∈ L},

where L is the magnetic translation lattice. In a ferromagnet this may be the original crystallographic lattice.
In an antiferromagnet it may be a larger real-space unit cell, hence a smaller Brillouin zone.
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Definition 8.22. Let M be a magnetic space group with unitary translation lattice L. If

m = {pm|τm} or m = {pm|τm}′

is an element of M , define its action on crystal momentum by

k 7−→ η(m)pmk.

The magnetic little group of k is

Mk = {m ∈M : η(m)pmk = k mod L∗}.

The extra sign for primed elements is the momentum-space signature of complex conjugation. A unitary spatial
operation sends k 7−→ pmk. An antiunitary operation sends k 7−→ −pmk. This is one of the most important
formulas in magnetic band theory.

Proposition 8.10 (Action of a magnetic operation on Bloch momentum). Let ψ be a generalized Bloch state
with translation character tRψ = e−ik·Rψ, (R ∈ L). Let D(m) be the unitary or antiunitary operator representing

m = {pm|τm}ϵ ∈M.

Then D(m)ψ has translation character R 7−→ e−i(η(m)pmk)·R. Equivalently, D(m) : Hk −→ Hη(m)pmk.

Proof. The spatial conjugation rule is m−1tRm = tp−1
m R. Hence

tRD(m)ψ = D(m)
(
m−1tRm

)
ψ = D(m)tp−1

m Rψ.

Since ψ has momentum k, tp−1
m Rψ = e−ik·p−1

m Rψ. If m is unprimed, then D(m) is linear, so

tRD(m)ψ = e−ik·p−1
m RD(m)ψ = e−i(pmk)·RD(m)ψ.

If m is primed, then D(m) is antilinear, so the scalar is complex conjugated:

tRD(m)ψ = e+ik·p−1
m RD(m)ψ = e−i(−pmk)·RD(m)ψ.

Combining the two cases gives
tRD(m)ψ = e−i(η(m)pmk)·RD(m)ψ.

Definition 8.23. The magnetic little co-group of k is the image ofMk after dividing out the translation subgroup
T0. Equivalently, it consists of the unitary or antiunitary point operations that fix k modulo reciprocal lattice
vectors:

Mk = {(η, p) : ηpk = k mod L∗}.

A small corepresentation at k is a corepresentation Dk of Mk such that translations act by the Bloch character:
Dk(tR) = e−ik·RI.

Thus the classification of Bloch states at a magnetic high-symmetry momentum proceeds in two steps. First,
the unitary translations fix the momentum k. Second, the remaining finite magnetic little co-group acts on
the finite-dimensional space of states at that momentum. Because this little co-group may contain antiunitary
elements, the appropriate labels are corepresentations, not just ordinary irreducible representations.

Proposition 8.11. The magnetic little group fits into an exact sequence

1 −→ T0 −→Mk −→Mk −→ 1.

On a Bloch fiber Hk, the subgroup T0 acts by the scalar character tR 7−→ e−ik·R. Therefore all nontrivial finite-
dimensional symmetry labels at fixed k come from corepresentations of the magnetic little co-group, possibly with
factor systems coming from spin and fractional translations.

Proof. The kernel of the map fromMk to the magnetic little co-group is the subgroup of operations whose point
part is the identity and whose antiunitary label is trivial. These are precisely the unitary translations T0. The
map is onto by definition of Mk. Hence the sequence is exact.
On the Bloch fiber, every vector satisfies tRψ = e−ik·Rψ. Thus T0 acts by scalars, and the remaining matrix
structure is carried by the quotient Mk/T0.
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Fractional translations in magnetic space groups produce momentum dependent phases, just as in ordinary
nonsymmorphic space groups. The only new feature is that some of the relevant operations may be antiunitary.

Definition 8.24. Choose representatives s(α) = {pα|τα}ϵα for elements α of a magnetic little co-group. If

s(α)s(β) = tR(α,β)s(αβ),

then R(α, β) ∈ L, and on the Bloch fiber

Dk(s(α))Dk(s(β)) = e−ik·R(α,β)Dk(s(αβ)).

The phase ωk(α, β) = e−ik·R(α,β) is the nonsymmorphic factor system at momentum k.

For spinful particles one must multiply this translation factor by the spin factor system. Thus, in general,

ωk(α, β) = ωspin(α, β)e
−ik·R(α,β).

This compact formula is a useful way to remember where band degeneracies can come from: a minus sign may
arise either from spin, from a Brillouin-zone boundary phase, or from both.

Theorem 8.9 (General antiunitary degeneracy criterion). Let A be an antiunitary symmetry of a Hamiltonian
H, and suppose A preserves a Hilbert subspace, such as a Bloch fiber Hk. Assume AH = HA on this subspace
and A2 = λI with λ ∈ U(1). If λ ̸= 1, then every eigenstate ψ in this subspace has an orthogonal partner Aψ
with the same energy.

Proof. If Hψ = Eψ, then H(Aψ) = A(Hψ) = A(Eψ) = E∗Aψ. Since H is Hermitian, E is real, so H(Aψ) =
E(Aψ). Thus Aψ has the same energy as ψ.Let x = ⟨Aψ|ψ⟩. Using antiunitarity,

⟨Aψ|A(Aψ)⟩ = ⟨Aψ|ψ⟩ = x.

On the other hand, since A2 = λI,

⟨Aψ|A(Aψ)⟩ = ⟨Aψ|λψ⟩ = λ⟨Aψ|ψ⟩ = λx.

Therefore x = λx. If λ ̸= 1, then x = 0. Hence ⟨Aψ|ψ⟩ = 0. Thus ψ and Aψ are orthogonal and therefore
linearly independent.

The usual Kramers theorem is the special case λ = −1. The more general version is useful in crystals because
an antiunitary symmetry may square not to ±I abstractly, but to a translation, a screw, a glide, or a spin
rotation. On a Bloch fiber, such an operation can become a scalar phase depending on k.

Theorem 8.10 (Kramers degeneracy). Let A be an antiunitary symmetry of a Hamiltonian H: AH = HA. If
A2 = −I, then every energy eigenstate has a linearly independent partner with the same energy. More precisely,
if Hψ = Eψ, then H(Aψ) = E(Aψ) and ⟨ψ|Aψ⟩ = 0.

Proof. This is the previous theorem with λ = −1. Equivalently, one can prove it directly. Since A commutes with
H, H(Aψ) = A(Hψ) = A(Eψ) = E(Aψ), because E is real. Thus Aψ has the same energy. Let y = ⟨ψ|Aψ⟩.
Then y∗ = ⟨Aψ|ψ⟩. Using the general argument above with λ = −1, we get ⟨Aψ|ψ⟩ = 0. Therefore y = 0. Thus
ψ and Aψ are orthogonal and linearly independent.

It is important that the antiunitary symmetry preserve the same Hilbert space in which the degeneracy is being
claimed. If time reversal sends Hk to H−k and k ̸= −k mod L∗, then it relates the spectrum at k to the
spectrum at −k. It does not force a twofold degeneracy at the same k. Degeneracy at a fixed momentum occurs
when the antiunitary operation belongs to the magnetic little group of that momentum.

Example 8.7 (Bloch Hamiltonian constraints from time reversal). Let H(k) be a Bloch Hamiltonian. For
spinless time reversal, one may choose a basis in which Θ = K. The time-reversal condition is ΘH(k)Θ−1 =
H(−k), or equivalently H(k)∗ = H(−k). At a momentum satisfying k = −k mod L∗, this says that H(k) can
be represented by a real Hermitian matrix, hence by a real symmetric matrix. A real symmetric matrix need not
have degenerate eigenvalues, so spinless time reversal alone does not imply Kramers degeneracy.
For spinful electrons,

Θ = iσyK, Θ2 = −1.

The time-reversal constraint becomes

(iσy)H(k)∗(−iσy) = H(−k),

with additional identity factors on orbital and sublattice degrees of freedom. At a time-reversal-invariant mo-
mentum, this antiunitary symmetry preserves the same Bloch fiber and squares to −1. Therefore every energy
level at that momentum is at least twofold degenerate.
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Definition 8.25. For ordinary time reversal, the point part is p = I and η = −1. Therefore k 7−→ −k. A
momentum satisfying k = −k mod L∗ is called a time-reversal-invariant momentum, or TRIM.

If
L∗ = Zb1 ⊕ · · · ⊕ Zbd,

then the TRIMs are

kν =
1

2
(ν1b1 + · · ·+ νdbd) , νi ∈ {0, 1}.

Thus there are 2d TRIMs in d dimensions.

Example 8.8 (TRIMs in one dimension). Let L = aZ. Then L∗ = 2π
a Z. The condition k = −k mod L∗ means

2k = 2πn
a for some integer n. Modulo L∗, the two solutions are k = 0, k = π

a . For spinful electrons, each energy
level at these two momenta is at least twofold degenerate if time reversal is a symmetry.

Example 8.9 (Combined inversion and time reversal). Let P be inversion, so its point part is pP = −I.
Time reversal has η(Θ) = −1. Therefore the combined antiunitary operation PΘ acts on momentum by k 7−→
(−1)(−I)k = k. Thus PΘ belongs to the magnetic little group at every momentum k.
If the system is spinful, P usually satisfies P 2 = 1 and commutes with Θ. Hence (PΘ)2 = P 2Θ2 = −1.
Therefore a spinful system with both inversion and time reversal has Kramers degeneracy at every k, not only
at the TRIMs.
If the system is spinless, then (PΘ)2 = +1. In that case there is no Kramers degeneracy forced by PΘ, although
the Bloch Hamiltonian can often be chosen real in a suitable basis.

Example 8.10 (Antiferromagnetic translation in one dimension). Consider a one-dimensional collinear anti-
ferromagnet with moments alternating up and down:

↑ ↓ ↑ ↓ · · · .

Let the spacing between neighboring sites be a. Translation by a is not a symmetry of the magnetic structure
because it exchanges up and down moments. However, translation by a followed by time reversal is a symmetry:
A = 1′ta. The unitary translation subgroup is generated by t2a. Thus the magnetic translation lattice is L = 2aZ,
and the magnetic reciprocal lattice is L∗ = π

aZ.
For a spinless magnetic structure,

A2 = (1′ta)(1
′ta) = t2a.

Since A is antiunitary, it sends k 7−→ −k. Therefore A belongs to the magnetic little group at the momenta
satisfying

k = −k mod
π

a
Z.

In the reduced magnetic Brillouin zone, these are

k = 0, k =
π

2a
.

On the k-fiber,
Dk(A)

2 = Dk(t2a) = e−i2ak.

At k = 0, one has Dk(A)
2 = +1, so no degeneracy is forced by A alone. At the zone boundary k = π

2a , one has

Dk(A)
2 = e−iπ = −1.

Therefore the generalized Kramers criterion gives a twofold degeneracy even in a spinless description.
For spinful electrons, one must multiply by the spin factor Θ2 = −1. In that case the same antiunitary translation
has Dk(A)

2 = −e−i2ak. The momenta at which Dk(A)
2 ̸= 1 are correspondingly shifted. This is a simple example

of how spin phases and magnetic translation phases combine.

Example 8.11 (Glide-time and screw-time operations). Antiunitary nonsymmorphic symmetries are common
in magnetic space groups. Suppose an antiunitary operation A satisfies A2 = tR in the spinless crystallographic
group. On a Bloch fiber, Dk(A)

2 = e−ik·R. If e−ik·R ̸= 1, then A forces a degeneracy at that k, provided A
belongs to the magnetic little group.
This is the antiunitary analogue of ordinary nonsymmorphic band sticking. In the ordinary unitary case, glide
and screw eigenvalues vary with k. In the magnetic antiunitary case, the square of the antiunitary operation
can itself become a nontrivial Bloch phase, producing a Kramers-like degeneracy even when the microscopic spin
part has Θ2 = +1.
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We can summarize the band-theoretic role of a magnetic group as follows. The unitary translation subgroup
first decomposes the Hilbert space into Bloch fibers:

H ∼=
∫ ⊕

Rd/L∗
Hk dk.

A unitary magnetic symmetry maps Hk −→ Hpk. An antiunitary magnetic symmetry maps Hk −→ H−pk. Only
the symmetries that return k to itself modulo L∗ act inside the single fiber Hk. These symmetries form the
magnetic little group Mk, and their finite-dimensional symmetry labels are corepresentations.
If a Hamiltonian H has magnetic symmetry M , then

D(m)HD(m)−1 = H

for all m ∈M . In momentum space this implies

H(η(m)pmk) ∼= H(k).

Thus magnetic symmetry relates bands not only at point-group-related momenta pk, but also at momenta −pk
when the operation is antiunitary. At momenta fixed by an antiunitary symmetry, the square of that antiunitary
symmetry determines whether a Kramers-type degeneracy is enforced.

Exercise 8.9. Let Θ be spinless time reversal, so Θ2 = 1. Does Kramers degeneracy follow from Θ alone?
Identify the precise step in the proof of Kramers degeneracy that fails.

Exercise 8.10. Let Mx be the mirror in two dimensions with point part

pMx
(kx, ky) = (−kx, ky).

Let A = ΘMx. Show that A acts on momentum by

(kx, ky) 7−→ (kx,−ky).

For a rectangular lattice, determine the lines in the Brillouin zone on which A belongs to the magnetic little
group.

Exercise 8.11. Let A be an antiunitary symmetry preserving a Bloch fiber Hk, and suppose A2 = eiϕI. Prove
that if eiϕ ̸= 1, then every eigenstate of an A-symmetric Hamiltonian has a degenerate orthogonal partner.

Exercise 8.12. In the one-dimensional antiferromagnetic translation example, verify explicitly that the mag-
netic Brillouin zone is

R/
π

a
Z.

Then show that the antiunitary translation A = 1′ta belongs to the magnetic little group only at k = 0, and k =
π
2a . Compute Dk(A)

2 at both momenta.

Exercise 8.13. Let P be inversion and Θ spinful time reversal. Assume

P 2 = 1, PΘ = ΘP, Θ2 = −1.

Show that (PΘ)2 = −1. Explain why this forces a twofold degeneracy at every k, rather than only at time-
reversal-invariant momenta.

Exercise 8.14. Let M = M0 ⊔ aM0 be a finite magnetic group and let ρ be an irreducible representation of
M0. Define

ρa(h) = ρ(a−1ha)∗.

Explain physically the difference between the cases

ρa ≃ ρ and ρa ̸≃ ρ.

In the second case, why should one expect the antiunitary symmetry to pair two different unitary representation
labels?
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8.4 The k⃗ · p⃗ expansion

The k⃗ · p⃗ method constructs a local effective Hamiltonian near a chosen momentum k0 in the Brillouin zone. The
basic idea is simple: instead of trying to understand the full Bloch Hamiltonian H(k) on the whole Brillouin
zone, one writes k = k0 + q and expands in powers of the small deviation q. The coefficients of this expansion
are not arbitrary. They are constrained by the symmetries that keep k0 fixed, namely by the little group of k0.
In physics, the k⃗ · p⃗ method has two closely related meanings. First, it is a perturbation method for deriving an
effective Hamiltonian from microscopic Bloch wavefunctions. Second, it is a symmetry method for writing the
most general local Hamiltonian allowed near a high-symmetry momentum. In this subsection we focus mainly
on the second viewpoint, because it is the one most directly controlled by group representation theory. The
perturbative derivation explains where the name “k⃗ · p⃗” comes from.
Let k0 be a momentum in the Brillouin zone, and let q = k − k0 be a small displacement. We assume that k0
is a high-symmetry momentum, or more generally a point, line, or plane with a nontrivial little group. Let Gk0

denote the little group of k0. Thus an element g ∈ Gk0
maps k0 to itself modulo a reciprocal lattice vector:

gk0 = k0 mod L∗. If g has point part pg, then near k0 it sends the deviation q to q 7−→ pgq.
If antiunitary symmetries are present, the same formula must be modified by the sign coming from complex
conjugation. If a is antiunitary with point part pa, then it acts on momentum as

k 7−→ −pak.

Thus, if a belongs to the magnetic little group of k0, then near k0 it acts on the small momentum as

q 7−→ −paq.

This is the local version of the magnetic little-group action discussed earlier.

Definition 8.26. Let E be a finite-dimensional vector space spanned by a chosen group of bands at k0. The
space E is often called the local band space, the active subspace, or the low-energy subspace. Suppose E carries
a representation, or corepresentation if antiunitary symmetries are present,

D : Gk0
→ GL(E).

A k⃗ · p⃗ Hamiltonian near k0 is a matrix-valued function Heff(q) ∈ End(E) expanded as a polynomial, or formal
power series, in the components of q:

Heff(q) = H(0) +H(1)(q) +H(2)(q) + · · · ,

where H(n)(λq) = λnH(n)(q).

Physically, E is the set of states we want to keep. For example, E might be a single nondegenerate band, a
two-dimensional irreducible representation at Γ, a Kramers pair at a time-reversal-invariant momentum, or a
four-dimensional Dirac multiplet. The rest of the bands are called remote bands. Their effect is hidden in the
numerical coefficients of the effective Hamiltonian.
The effective Hamiltonian must be Hermitian: Heff(q)

† = Heff(q). Therefore, in practice, one writes it as a real
linear combination of Hermitian matrices:

Heff(q) =
∑
α

fα(q)Mα,

where M†
α =Mα, and the scalar functions fα(q) are real-valued for real q. In a two-band problem, the matrices

Mα are usually chosen to be I, σx, σy, σz. In a larger problem, one may use matrix units, Gell-Mann matrices,
angular momentum matrices, or any other convenient Hermitian basis.

Proposition 8.12 (Symmetry constraints on a local Hamiltonian). Let g ∈ Gk0
be a unitary symmetry with

point part pg. Then the local Hamiltonian must satisfy

D(g)Heff(q)D(g)−1 = Heff(pgq).

If a ∈ Gk0
is an antiunitary symmetry represented on E by D(a) = UaK, where K denotes complex conjugation,

then the local Hamiltonian must satisfy

UaHeff(q)
∗U−1

a = Heff(−paq).
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Proof. A unitary symmetry g maps the Bloch fiber at k0 + q to the Bloch fiber at g(k0 + q) = gk0 + pgq. Since
gk0 = k0 mod L∗, this is the same local expansion point with displacement pgq. If the symmetry is represented
on the active subspace by D(g), then applying g before or after the Hamiltonian must give the same physical
result. Hence

D(g)Heff(q)D(g)−1 = Heff(pgq).

For an antiunitary symmetry a, the momentum transforms as k 7−→ −pak. Thus, near k0, q 7−→ −paq. Writing
D(a) = UaK, the action of D(a) on a matrix is

D(a)Heff(q)D(a)−1 = UaHeff(q)
∗U−1

a .

Therefore the symmetry constraint becomes UaHeff(q)
∗U−1

a = Heff(−paq).

These two equations are the working rules of the method. They say that each allowed matrix term must
transform in the same way as the polynomial in q multiplying it. If a polynomial and a matrix transform
differently, their product cannot appear in the Hamiltonian.
One should be slightly careful at Brillouin-zone boundary points, especially for nonsymmorphic space groups.
If a little-group operation contains a fractional translation, then its representation on the Bloch fiber contains
a phase such as e−ik0·τ . This phase is already included in the little-group representation D(g) at k0. In a
fully microscopic construction, the sewing matrix may also have q-dependent phases. For the standard local
method of invariants, one usually fixes the representation at k0 and builds all polynomials consistent with that
representation. If the q-dependent sewing phases are important for a particular nonsymmorphic model, they
should be expanded consistently order by order.

Where the name k⃗ · p⃗ comes from

Consider a continuum single-particle Hamiltonian

H =
p2

2m
+ V (x), p = −iℏ∇,

where the potential is periodic: V (x+R) = V (x), (R ∈ L). A Bloch wave has the form ψn,k(x) = eik·xun,k(x),
where un,k(x+R) = un,k(x). Conjugating H by the plane-wave factor gives the cell-periodic Bloch Hamiltonian

H(k) = e−ik·xHeik·x =
(p+ ℏk)2

2m
+ V (x).

Proposition 8.13 (Basic k⃗ · p⃗ expansion). Let k = k0 + q. Then

H(k0 + q) = H(k0) +
ℏ
m
q · (p+ ℏk0) +

ℏ2q2

2m
.

In particular, if k0 = 0, then

H(q) = H(0) +
ℏ
m
q · p+ ℏ2q2

2m
.

The linear term is the origin of the name k⃗ · p⃗.

Proof. Starting from

H(k) =
(p+ ℏk)2

2m
+ V (x),

substitute k = k0 + q. Then p+ ℏk = p+ ℏk0 + ℏq. Therefore

(p+ ℏk)2 = (p+ ℏk0)2 + 2ℏq · (p+ ℏk0) + ℏ2q2.

Dividing by 2m gives

H(k0 + q) = H(k0) +
ℏ
m
q · (p+ ℏk0) +

ℏ2q2

2m
.

If u1, . . . , uN are cell-periodic eigenfunctions at k0 spanning the active subspace E, then the matrix elements of
the linear term are (

H
(1)
eff (q)

)
mn

=
ℏ
m

∑
i

qi⟨um|(pi + ℏk0,i)|un⟩.

These are the usual momentum matrix elements. Symmetry often forces many of them to vanish.
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If the active bands are coupled to remote bands, one can integrate out the remote bands using degenerate
perturbation theory or Löwdin partitioning. Let P be the projection onto the active subspace and let Q = 1−P
project onto remote bands. A schematic second-order effective Hamiltonian is

Heff(E, q) = HPP(q) +HPQ(q)
1

E −HQQ(q)
HQP(q) + · · · .

The denominators contain energy differences to remote bands, while the numerators contain matrix elements
of the k⃗ · p⃗ perturbation. This procedure determines the numerical coefficients in a model. Group theory, by
contrast, determines which coefficients are allowed to be nonzero.
In applications, one often writes the most general symmetry-allowed Hamiltonian directly, with undetermined
real constants. These constants are then obtained from experiment, from first-principles calculations, or from a
microscopic tight-binding model. This is the method of invariants used in semiconductor and topological-band
theory [14, 12, 4, 19].

Invariant theory formulation

Let Q be the vector representation carried by the small momentum q. Concretely, if q has component q1, . . . , qd,
then a group element g acts by q 7−→ pgq. Linear functions of q transform in the dual representation Q∨.
Homogeneous polynomials of degree n transform as Symn(Q∨).
The matrices acting on the active space E transform by conjugation:

M 7−→ D(g)MD(g)−1.

As a representation, the space of matrices is

End(E) ∼= E∨ ⊗ E.

Therefore an nth-order term in the Hamiltonian is an element of

Symn(Q∨)⊗ E∨ ⊗ E.

It is symmetry-allowed precisely when it is invariant under the little group.

Theorem 8.11 (Counting unitary invariants). Suppose Gk0
is an ordinary finite unitary little group. The

number of independent complex symmetry-allowed terms of degree n is

Nn = dimHomGk0
(1,Symn(Q∨)⊗ E∨ ⊗ E) .

Equivalently,
Nn =

〈
1, χSymn(Q∨)χE∨⊗E

〉
Gk0

,

where

⟨χ, ψ⟩Gk0
=

1

|Gk0
|
∑

g∈Gk0

χ(g)∗ψ(g).

Proof. An nth-order Hamiltonian term is a tensor in Symn(Q∨)⊗E∨⊗E. The symmetry condition says exactly
that this tensor is fixed by every element of Gk0

. Thus the space of allowed terms is the invariant subspace

(Symn(Q∨)⊗ E∨ ⊗ E)
Gk0 .

The dimension of this invariant subspace is the multiplicity of the trivial representation.
For a finite group, the multiplicity of an irreducible representation with character χα inside a representation
with character χ is ⟨χα, χ⟩. Taking χα = 1 and using the fact that characters multiply under tensor products
gives

Nn =
〈
1, χSymn(Q∨)χE∨⊗E

〉
Gk0

.

The formula above counts complex invariant tensors. A physical Hamiltonian is Hermitian, so in practice one
chooses a Hermitian matrix basis and real coefficient functions. If a complex invariant appears together with its
complex conjugate, the two are combined into real and imaginary Hermitian terms. This is the same distinction
familiar from writing

vq+σ− + v∗q−σ+

rather than treating the two complex monomials independently.
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The character formula is efficient for counting terms, but it does not automatically write them down. To
construct the terms explicitly, one decomposes the polynomial functions and the matrix space into irreducible
representations. A product f(q)M is invariant when the polynomial f(q) and the matrix M transform in dual
representations. For real point-group representations, the dual representation is often equivalent to the same
representation.

Proposition 8.14 (Projection operator for constructing invariants). Let F (q) be any matrix-valued homoge-
neous polynomial of degree n. For an ordinary unitary little group Gk0

, define

(ΠF )(q) =
1

|Gk0
|
∑

g∈Gk0

D(g)F (p−1
g q)D(g)−1.

Then ΠF satisfies
D(h)(ΠF )(q)D(h)−1 = (ΠF )(phq)

for all h ∈ Gk0 . Thus ΠF is a symmetry-allowed term.

Proof. Compute

D(h)(ΠF )(q)D(h)−1 =
1

|Gk0 |
∑

g∈Gk0

D(hg)F (p−1
g q)D(hg)−1.

Set r = hg. Then g = h−1r and hence p−1
g = p−1

r ph. Therefore

D(h)(ΠF )(q)D(h)−1 =
1

|Gk0
|
∑

r∈Gk0

D(r)F (p−1
r phq)D(r)−1.

This is exactly (ΠF )(phq).

If antiunitary symmetries are present, a practical procedure is the following. First construct all terms allowed
by the unitary subgroup. Then impose each antiunitary constraint

UaH(q)∗U−1
a = H(−paq).

This second step may force some coefficients to vanish, or may force some coefficients to be real or imaginary.
This is often easier than trying to use characters of a magnetic group directly.

Schur’s lemma and the zeroth-order term

The zeroth-order Hamiltonian is H(0) = Heff(0). It must commute with the representation of the little group:
D(g)H(0)D(g)−1 = H(0). If E is an irreducible complex representation of the unitary little group, then Schur’s
lemma gives H(0) = E0I. Thus all states in E are degenerate at q = 0 before symmetry-breaking perturbations
are included.
If E is reducible, then H(0) is block diagonal with one block for each irreducible representation. Distinct
irreducible representations are not forced to have the same energy. Accidental degeneracies between different
irreducible representations can occur, but they are not protected by the little group alone.
This is a useful physical rule. A degeneracy at a high-symmetry point is symmetry-enforced when the states
form a multidimensional irreducible representation, or when antiunitary symmetry produces a Kramers-type
corepresentation. Once the degeneracy is identified, the k⃗ · p⃗ Hamiltonian describes how the degeneracy splits
as one moves away from the high-symmetry momentum.

A practical recipe

The following recipe is often the fastest way to build a local model.
First, choose the momentum k0 and determine the little group Gk0 . If antiunitary symmetries are present, use
the magnetic little group. Remember that an antiunitary operation sends q 7−→ −pq.
Second, choose the active band space E This means choosing the set of bands retained in the effective model.
Determine the representation matrices D(g) on this space. For spinful electrons, D(g) should include the spin
rotation. For nonsymmorphic operations, D(g) should include the Bloch phase at k0.
Third, choose a Hermitian basis of matrices on E. For a two-band model this is usually I, σx, σy, σz. For a
four-band model it may be useful to use tensor products τiσj , where τi acts on orbital or sublattice degrees of
freedom and σj acts on spin.
Fourth, decompose the polynomial functions of q into irreducible representations of the little group. For example,
in two dimensions one often uses

q± = qx ± iqy.
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Under a rotation by angle θ,
q± 7−→ e±iθq±.

Fifth, pair polynomial functions with matrices transforming in the same representation so that the product is
a scalar under the little group. Finally, impose Hermiticity and any antiunitary constraints.

Angular momentum selection rule

For rotations, the invariant method can be written as a simple angular momentum selection rule. This form is
especially useful for physicists because it immediately tells which power of q+ or q− can couple two states.

Proposition 8.15 (Cyclic selection rule). Let Cn be generated by an n-fold rotation. Suppose two basis states
|α⟩, |β⟩ have Cn eigenvalues

Cn|α⟩ = e2πijα/n|α⟩, Cn|β⟩ = e2πijβ/n|β⟩.

Let Mαβ = |α⟩⟨β|. Then Mαβ transforms with character e2πi(jα−jβ)/n. The monomial qr+q
s
− transforms with

character e2πi(r−s)/n. Therefore a coupling qr+q
s
−Mαβ is allowed by Cn if and only if

r − s ≡ jα − jβ mod n.

Proof. Under Cn,
D(Cn)MαβD(Cn)

−1 = e2πijα/ne−2πijβ/nMαβ = e2πi(jα−jβ)/nMαβ .

We also have
q+ 7→ e2πi/nq+, q− 7→ e−2πi/nq−.

Hence qr+q
s
− 7→ e2πi(r−s)/nqr+q

s
−. The symmetry condition requires the polynomial and the matrix to transform

in the same way, so
e2πi(r−s)/n = e2πi(jα−jβ)/n.

This is equivalent to
r − s ≡ jα − jβ mod n.

This rule is the local version of angular momentum conservation modulo a reciprocal-lattice rotation. It explains,
for instance, why some band crossings are linear, while others are quadratic or cubic. The difference is often
just the angular momentum mismatch between the two states.

Example 8.12 (A D4 doublet at Γ). Consider a spinless two-dimensional system with D4 symmetry at Γ =
(0, 0). Assume the two states at Γ transform as the two-dimensional vector representation E of D4, with a basis
similar to (px, py). The small momentum q = (qx, qy) also transforms as the same representation E.
We use the standard conjugacy classes of D4:

{e}, {C4, C
−1
4 }, {C2}, {mx,my}, {md,md′}.

The character table is
e 2C4 C2 2mv 2md

A1 1 1 1 1 1
A2 1 1 1 −1 −1
B1 1 −1 1 1 −1
B2 1 −1 1 −1 1
E 2 0 −2 0 0

where mv denotes mirrors along the coordinate axes and md denotes diagonal mirrors.
The matrix space is

End(E) ∼= E∨ ⊗ E.

Since E is real, E∨ ∼= E. The character of E ⊗ E is the square of the character of E:

χE⊗E = (4, 0, 4, 0, 0).

Taking inner products with the irreducible characters gives

E ⊗ E = A1 ⊕A2 ⊕B1 ⊕B2.
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A convenient Hermitian matrix basis is I, σx, σy, σz. With the usual vector-representation basis, these matrices
transform as

I ∼ A1, σy ∼ A2, σz ∼ B1, σx ∼ B2.

Here σy represents the antisymmetric matrix structure. Although σy is imaginary as a Hermitian matrix, it
transforms under D4 in the same way as the real antisymmetric tensor(

0 −1
1 0

)
.

Linear functions of q transform as (qx, qy) ∼ E. Since the matrix space contains only A1, A2, B1, B2 and contains
no copy of E, there is no first-order invariant. Therefore no linear splitting is allowed by D4 in this two-
dimensional representation.
Quadratic functions decompose as

Sym2(E) = A1 ⊕B1 ⊕B2.

A symmetry-adapted basis is
q2x + q2y ∼ A1,

q2x − q2y ∼ B1,

2qxqy ∼ B2.

Pairing these polynomials with matrices of the same symmetry gives the most general second-order Hamiltonian

Heff(q) = E0I + a(q2x + q2y)I + b(q2x − q2y)σz + c(2qxqy)σx.

Here E0, a, b, c ∈ R.
The two eigenvalues are

E±(q) = E0 + a(q2x + q2y)±
√
b2(q2x − q2y)

2 + 4c2q2xq
2
y.

Thus the degeneracy at Γ splits quadratically rather than linearly. In this minimal model, the result is a
symmetry-protected quadratic band touching.
The A2 matrix σy does not appear at second order because there is no quadratic A2 polynomial. The first D4

polynomial transforming as A2 is
qxqy(q

2
x − q2y) ∼ A2,

which is fourth order. Therefore, if time reversal is not imposed, a fourth order term

λqxqy(q
2
x − q2y)σy

is allowed by D4. If spinless time reversal K is also a symmetry, this term is forbidden because KσyK
−1 = −σy

while the fourth-order polynomial is even under q 7→ −q.

Example 8.13 (Time reversal and a single Kramers pair). Consider a single Kramers pair near a time-reversal-
invariant momentum k0. The effective Hamiltonian has the form

Heff(q) = ϵ(q)I + dx(q)σx + dy(q)σy + dz(q)σz.

Spinful time reversal is represented by
Θ = iσyK, Θ2 = −1.

The time-reversal constraint is
ΘHeff(q)Θ

−1 = Heff(−q).
Since ΘIΘ−1 = I and ΘσiΘ

−1 = −σi, (i = x, y, z), we obtain ϵ(q) = ϵ(−q), and di(q) = −di(−q). Thus the
scalar part of the Hamiltonian is even in q, while the spin-splitting terms are odd in q.
To lowest order this gives

ϵ(q) = ϵ0 +
∑
i,j

Aijqiqj + · · · ,

di(q) =
∑
j

vijqj + · · · .

Time reversal therefore allows linear spin-orbit terms, because both spin and momentum change sign under time
reversal.
If inversion symmetry is also present and acts trivially on this two-dimensional Kramers space, then inversion
gives Heff(q) = Heff(−q). This implies di(q) = di(−q). Combining this with time reversal gives di(q) = −di(q),
so di(q) = 0. Therefore a centrosymmetric time-reversal-invariant crystal has no spin splitting of an isolated

Kramers pair. This is the local k⃗ · p⃗ version of the familiar statement that inversion plus spinful time reversal
forces double degeneracy at every k.
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Example 8.14 (Rashba term as an invariant). Consider a two-dimensional spinful system without inversion
symmetry. Suppose the point group allows rotations in the plane, or at least enough rotational symmetry that
qx, qy transform as an in-plane vector. The spin components σx, σy transform as components of an axial vector.
The combination qyσx − qxσy is a scalar under in-plane rotations. It is also even under time reversal, because
time reversal sends q 7→ −q and σ 7→ −σ. Therefore the linear spin-orbit term

HR(q) = α(qyσx − qxσy)

is allowed by time reversal and by the rotational symmetry.
Under inversion, however, q 7→ −q while spin, being an axial vector, does not change sign. Hence qyσx − qxσy
changes sign under inversion. Therefore the Rashba term is forbidden in an inversion-symmetric crystal or
heterostructure. This is a simple example of how the method of invariants reproduces a standard spin-orbit
Hamiltonian.

Example 8.15 (A two-band mirror constraint). Let a two-band model have a unitary mirror symmetry M
represented by D(M) = σz. Suppose the mirror acts on momentum by (qx, qy) 7−→ (qx,−qy). Write the most
general Hermitian two-band Hamiltonian as

H(qx, qy) = h0(qx, qy)I + hx(qx, qy)σx + hy(qx, qy)σy + hz(qx, qy)σz.

The mirror constraint is
σzH(qx, qy)σz = H(qx,−qy).

Using σzIσz = I, σzσzσz = σz, and σzσxσz = −σx, σzσyσz = −σy, we find

h0(qx, qy) = h0(qx,−qy),
hx(qx, qy) = −hx(qx,−qy),
hy(qx, qy) = −hy(qx,−qy).
hz(qx, qy) = hz(qx,−qy).

Thus h0 and hz must be even in qy, while hx and hy must be odd in qy.
Up to first order in q, the most general mirror-symmetric Hamiltonian is therefore

H(qx, qy) = (ϵ0 + v0qx)I + (m+ vzqx)σz + vxqyσx + vyqyσy,

with real coefficients. The terms proportional to qyI and qyσz are forbidden, while the terms proportional to
qyσx and qyσy are allowed.

Example 8.16 (A C3 selection rule). Let C3 act on momentum by rotation through 2π/3. Define

q+ = qx + iqy, q− = qx − iqy.

Then q+ 7→ ωq+, q− 7→ ω−1q−, where ω = e2πi/3.
Suppose one band at Γ has C3 eigenvalue ω, and a second band has C3 eigenvalue 1. Use the basis |1⟩ =
|ω⟩, |2⟩ = |1⟩. The off-diagonal matrix |1⟩⟨2| transforms as ω. Since q+ also transforms as ω, the linear coupling
vq+|1⟩⟨2| is allowed. Hermiticity then requires the conjugate term v∗q−|2⟩⟨1|. Thus the off-diagonal part of the
Hamiltonian can contain

Hoff(q) =

(
0 vq+

v∗q− 0

)
.

In angular momentum language, the two states differ by one unit of C3 angular momentum. A single power of
q+ carries exactly this angular momentum, so a linear coupling is allowed. If the angular momentum mismatch
were two units modulo 3, then q− would be the allowed linear factor instead. If no linear monomial carried the
required mismatch, the leading coupling would begin at quadratic or higher order.

Antiunitary symmetries in local models

Antiunitary symmetries are especially important in k⃗ · p⃗ theory because they constrain the parity of terms in
q. For ordinary time reversal, q 7→ −q. For spinless time reversal, Θ = K, so the constraint is H(q)∗ = H(−q).
For spinful time reversal, Θ = iσyK, so the constraint is iσyH(q)∗(−iσy) = H(−q).
These equations should only be imposed inside a single local Hamiltonian when time reversal belongs to the
little group of k0. This means k0 = −k0 mod L∗. If k0 is not time-reversal invariant, then time reversal relates
the k⃗ · p⃗ Hamiltonian near k0 to a different k⃗ · p⃗ Hamiltonian near −k0. It does not impose a constraint within
one local model by itself.
More generally, if an antiunitary symmetry a maps k0 7−→ k1 with k1 ̸= k0 mod L∗, then it relates the
expansion near k0 to the expansion near k1. Only when k1 = k0 mod L∗ does a act inside the same local band
space E and impose a constraint of the form UaH(q)∗U−1

a = H(−paq).
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Proposition 8.16 (Kramers constraint in a k⃗ · p⃗ model). Suppose an antiunitary symmetry A belongs to the
little group of k0 and satisfies A2 = −I on the active space E. Then Heff(0) has even degeneracy. More
generally, if A preserves a line or plane in q-space and satisfies A2 = −I on that subspace, then the spectrum
is at least twofold degenerate along that line or plane.

Proof. At a momentum where A maps the Bloch fiber to itself, the operator A commutes with the Hamiltonian
on that fiber:

AHeff(q) = Heff(q)A.

If Heff(q)ψ = Eψ, then Heff(q)(Aψ) = A(Heff(q)ψ) = E(Aψ), because E is real. Thus Aψ is another eigenstate
with the same energy.
Since A2 = −I, the usual Kramers argument gives ⟨ψ|Aψ⟩ = 0. Hence ψ and Aψ are linearly independent.
Therefore the eigenvalue is at least twofold degenerate.

In nonsymmorphic or magnetic groups, an antiunitary operation may square to a translation: A2 = tR. On a
Bloch fiber this becomes Dk(A)

2 = e−ik·R. Thus at a particular k0, one may have Dk0(A)
2 = −1 even for a

spinless system. In that case the same Kramers argument applies to the local k⃗ · p⃗ Hamiltonian at k0.

Relation to band crossings

A two-band Hamiltonian can be written as

H(q) = h0(q)I + h⃗(q) · σ⃗.

The two eigenvalues are
E±(q) = h0(q)± |⃗h(q)|.

Thus a band crossing occurs when h⃗(q) = 0. Symmetry controls which components of h⃗ are allowed and at what
order in q they appear.
If all three Pauli matrices are allowed with independent linear coefficients in three dimensions, then a generic
isolated crossing is a Weyl point. If only two Pauli matrices appear linearly in two dimensions, one obtains a
Dirac cone. If symmetry forbids all linear terms, as in the D4 doublet example above, the leading splitting may
be quadratic. Thus the order of the band touching is often a direct representation-theoretic consequence of the
little group.
The identity matrix I does not split a degeneracy. It only shifts both energies equally. Therefore, when
diagnosing band crossings, one usually focuses on the non-scalar matrices. The scalar terms determine the tilt,
curvature, and particle-hole asymmetry of the bands, but not the symmetry-protected degeneracy itself.

Summary of the method

The k⃗ · p⃗ construction can be summarized in one line:

allowed terms = (polynomials in q)⊗ (matrices on E) that contain the trivial representation.

For ordinary unitary little groups, this is encoded by

Nn =
〈
1, χSymn(Q∨)χE∨⊗E

〉
Gk0

.

For magnetic little groups, one first builds the terms allowed by the unitary subgroup and then imposes the
antiunitary constraints explicitly.
This viewpoint is powerful because it separates symmetry from microscopic details. Symmetry determines the
form of the Hamiltonian. The microscopic physics determines the numerical coefficients. Two materials with
the same little-group representation at k0 have the same allowed k⃗ · p⃗ terms, even if their coefficients are very
different.

Exercise 8.15. For the D4 doublet example, use the character table of D4 to verify

E ⊗ E = A1 ⊕A2 ⊕B1 ⊕B2.

Then use E⊗Ai
∼= E,E⊗Bi

∼= E, to explain why no first-order invariant can be formed from a linear function
of q and a matrix in End(E).

Exercise 8.16. In the D4 doublet example, show that qxqy(q
2
x− q2y) transforms as A2. Conclude that qxqy(q

2
x−

q2y)σy is allowed by D4. Then impose spinless time reversal K and determine whether this term remains allowed.
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Exercise 8.17. Let a two-band model near k0 have a unitary mirror symmetry M represented by D(M) =
σz, and suppose the mirror sends (qx, qy) 7→ (qx,−qy). Find all terms up to first order in q allowed by
σzH(qx, qy)σz = H(qx,−qy). Then repeat the calculation after imposing spinless time reversal KH(qx, qy)K

−1 =
H(−qx,−qy).

Exercise 8.18. Let C3 act on momentum by rotation through 2π/3. Suppose a one-dimensional band at Γ has
C3 eigenvalue ω = e2πi/3, and another one-dimensional band has eigenvalue 1. Use the angular momentum
selection rule to determine whether a linear coupling is allowed. Write the allowed off-diagonal term explicitly
using q± = qx ± iqy.

Exercise 8.19. Let two states have C4 eigenvalues e2πij1/4 and e2πij2/4. Find the lowest possible order of
a coupling between them in terms of the congruence class j1 − j2 mod 4. Apply your answer to the cases
j1 − j2 = 1, 2, 3 mod 4.

Exercise 8.20. Consider a single spinful Kramers pair at a time-reversal-invariant momentum. Starting from

H(q) = ϵ(q)I +
∑
i

di(q)σi,

use Θ = iσyK to prove
ϵ(q) = ϵ(−q), di(q) = −di(−q).

Then impose inversion symmetry acting as the identity on the Kramers pair and show that all di(q) vanish.

Exercise 8.21. Let H(q) = vxqxσx + vyqyσy + mσz be a two-dimensional Dirac Hamiltonian. Determine
which of the three terms are allowed if the system has a mirror symmetry represented by σz and acting as
(qx, qy) 7→ (qx,−qy). What additional constraint is imposed by spinless time reversal?

Exercise 8.22. Let G be a finite unitary little group and let F (q) be a matrix-valued polynomial. Verify that

(ΠF )(q) =
1

|G|
∑
g∈G

D(g)F (p−1
g q)D(g)−1

satisfies the symmetry condition
D(h)(ΠF )(q)D(h)−1 = (ΠF )(phq).

Use this projection operator to construct one allowed quadratic term in the D4 doublet example.
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